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unlflad  account  la  praaantad  of  tha  varloua  tnvtacld  aodala  uaad  to  raprasant 
thraa-dlBonalonal  vortax  flowa  In  aarodynanlcai  aaaantlally  thoaa  ralylng  on  vortax 
ahaata  and  llna-vortlcea.  Racent  davalopMnta  In  axtandlng  tha  aeopa,  accuracy,  and 
atablllty  of  thaaa  a»dala  ara  daacrlbad.  An  avaluatlon  of  thalr  ralatlva  atrangtha  and 
waaknaaaaa  auggaata  that  tha  dlfferant  a»dala  all  hava  continuing  rolas  to  play.  It  la 
clalawd  that  vortax  Bodalllng  haa  cobm  of  aga.  In  tha  aanaa  that  wa  can  now  laarn  about 
tha  raal  ttorld  from  tha  bahavlour  of  aodala,  aftar  dacadaa  of  trying  to  naka  tha  aodala 
confora  with  raallty. 


1  IHTBODUCTIOH 

TO  aat  tha  aort  of  aodal  to  bo  dlaeuaxad  In  parapactlva.  It  la  halpful  to  racall 
tha  uaual  hlararchy  of  flow  aodala,  togathar  with  tha  aaauaptlona  about  tha  fluid  and  tha 
flow  which  glva  rlaa  to  thaa.  Tha  flrat  mdal,  tha  Havlar-Stokaa  aquatlona,  dapanda  on 
aaauaptlona  about  tha  naturo  of  tha  fluid.  Flow  at  largo  Raynolda  nuabara  Involvaa 
turbulanea,  and  tha  aaan  aotlon  la  than  aodollad  by  tha  tlaa-avaragad  Navlar-stokoa 
aquatlona,  Involving  Raynolda  atraaa  taraa.  To  rapraaant  thaaa  Raynolda  atraaaaa  In 
taraa  of  tha  aaan  aotlon  and  Ita  hlatory,  ona  or  aora  turbulanea  aodala  ara  raqulrad.  In 
tha  flow  of  a  uniform  atraaa  paat  a  body  at  a  largo  Raynolda  nuabar,  both  turbulent  aotlon 
and  tha  largo  ahaara  which  auika  aolaoular  vlaeoalty  laportant  ara  confined  to  thin 
boundary  layara  on  tha  body  and  to  tha  wake  which  arlaaa  froa  tha  aaparatlon  of  thaaa 
boundary  layara  froa  tha  aurfaee  of  the  body.  Outalda  tha  boundary  layara  and  waka  tha 
flow  bahavaa  aa  If  tha  fluid  ware  invlacld. 

For  aoat  flowa  of  importance  to  aarodynaailea,  tha  wakaa  ara  thin,  In  tha  aanaa  that 
their  thloknaaa  reducaa  aa  Raynolda  nuabar  Ineroaaaa.  The  affacta  of  turbulanea  and  via* 
eoalty  can  than  ba  aodollad  by  tha  theory  of  thin  ahoar  layara,  provided  there  la  an 
appropriate  nodal  for  tha  Interaction  batwaon  tha  axternal  flow  and  tha  thin  ahear  layara. 
A  thin  ahear  la^r  affacta  tha  axternal  flow  In  two  wayai  through  a  dlaplacoaant  effect, 
requiring  a  diffaronca  la  noraal  velocity  batwaon  Ita  oppoalta  aurfacaai  and  through  a 
vortax  affect,  requiring  a  diffaronca  la  tangential  velocity  batwaon  ita  oppoalta  aurfaeaa. 
Aa  tha  Raynolda  nuabar  tanda  to  Infinity,  tha  dlaplaeanant  affect  dlaa  away,  but  tha 
vortax  affect  raaalna.  The  ahaar  layara  bacoaa  vortax  ahaata  In  the  Halt.  Thla  leada  to 
an  Invlacld  nodal  of  tha  flow,  which  la  govarnad  by  tha  lular  aquatlona.  Howavar,  In 
ganoral,  tha  foraulatlon  of  the  problaa  for  tha  Ruler  aquatlona  nuat  include  a  apaclflca- 
tlott  of  tha  llnaa  on  tha  body  frea  which  tha  vortax  ahaata  arlaa,  the  aaparatlon  llnaa. 

A  ayaaatrleal  wing  at  aaro  Incldanoa  ahada  no  vortex  waka,  ao  It  la  not  noeaaaary  to 
upoelfy  a  aaparatlon  lino.  Whan  tha  wing  la  placed  at  Ineldanca  tha  aaaumptlon  that 
aaparatlon  takoa  place  froa  the  aharp  tralllng-adgo  la  autoaatlcally  made.  In  raallty, 
aaparatlon  alao  takoa  place  froa  tha  tip,  apreadlng  forward  froa  tha  tralllng-adga  aa  the 
angle  of  Incldanoa  Ineroaaaa,  at  a  rata  dopondlng  on  the  doalgn  of  tha  tip.  For  a  wing 
with  a  hlghlyawapt  aharp  loadlng-adga,  a  alallar  aaparatlon  takoa  place  from  tha  lead* 

Ing  edge. 

No  amy  expect  that,  for  aoat  bodloa  of  praetleal  Intaraat  to  aorodynaalelata,  tha 
Halt  of  tha  raal  flew  aa  tha  Raynolda  nuabar  tanda  to  Infinity  will  ba  an  invlacld  flow 
with  aabaddad  vortax  ahaata.  In  thla  Halt,  It  aaama  likely  that  tha  poaltlona  of  tha 
aaparatlon  llnaa  ara  dataratlnad,  though  not  naeoaaarlly  uniquely.  Tha  aaaa  flow  rapraaan- 
tatlon  nay  alao  bo  uaad  aa  a  nodal  of  tha  flow  at  largo,  but  finite,  Raynolda  nuabara, 
though  than  tha  poaltlona  of  the  aaparatlon  llnaa  auat  ba  auppllad  to  tha  nodal  froa  out¬ 
alda  It.  Tha  aaauaptlona  loading  to  thla  nodal  are,  flrat,  large  Raynolda  nuabar  and, 
aaeond,  tha  aort  of  thla  waka  flow  which  la  naturally  aaaoclatad  with  aarodynanloally 
afflelant  ahapea.  '  * 

Per  ahook-froo  flowa  paat  bedlaa  tanaraad  In  a  unlfora  atraaa,  tha  Invlacld  flow  can 
^  tapaaaantad  by  a  potential  fuaetlon,  and  tha  aaaa  rapraaontatlon  can  be  oxtandad  to 
nodal  flowa  with  weak  ahoeh  wevaa.  Proa  thla  point,  at  which  tha  flow  la  daaerlbad  by  a 
potential  funetlen  avarywhnra  outalda  tha  body  and  outalda  tha  vortax  ahaata,  the  varloua 
traataanta  to  to  dlaouaaad  in  thla  paper  dlvarga.  to  order  tha  dlaeuaalon,  wa  roaarvo 
w  word  'aodal*  to  daaorlto  an  approxlM  ion  to  tha  vortax  ahaat,  and  Introduoa  tha  word 
^ooFlba  a  troataant  of  tha  potential  flow  in  which  tha  vertex  ahaat  la 
aabaddad.  Than  tha  aodala  of  the  vortax  ahaat  to  to  eenaldarod  ara  tha  claaaleal  rlgld- 
vortax  ahaat,  tha  Hnglar-iatth  modal*  for  a  rollad-up  core, 
llna-vortax  medal,  and  tha  alnf^  llna-vortax  nodal.  Tha  poaalbla  fraao- 
worha  ara  tha  full  nonlinear  potential  forauUtlon,  tha  nonlinear  tranaonlo  anall 
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parturbatlon  approxlaatlon ,  tha  llnaax  aull  parturbatlon  (Prandtl-Glauart)  approxlaa- 
tlons  for  subsonic  and  auparsonlc  flows,  and  tha  slandar-body  approxlaatlon.  To  lllus- 
txata  tha  Indapandant  aspacta  of  modal  and  fraaatnrk,  a  two-dlnanslonal  prssantatlon  is 
usafuli. 


Modal 

Pramawon^V. 

Rigid  waka 

Rollad-up  core 

Multiple 

llna-vortax 

Single 

llna-vortax 

Full  potantlal 

TSP 

P  -  6,  M  <  1 

Jameson 

Albona 

Nulthopp 

2 

FaTa  JohASonp  al 

Rahbaeh^ 

Hangla  and  Hancock* 

P  -  G,  N  >  1 

Slander-body 

0.  Coban 

R.T.  Jonas 

Mangier  and  Smlth^ 

Sacks,  St  at^ 

Brown  and  Mlchaal* 

In  this  tabla  tha  namaa  hava  baan  Introducad  for  lllustratlva  purpoaas  only.  Tha  classical 
rlgld-waka  modal  has,  of  coursa,  baan  usad  In  all  tha  framaworksi  but  tha  othar  vortax 
modals  hava  only  baan  usad  to  a  significant  axtant  In  tha  subsonic  Prandtl-Glauart  frama- 
work,  which  Includes  tha  Important  spaclal  case  of  Inccaprasslbla  flow,  and  tha  slandar- 
body  framawork. 

A  further  point  la  worth  clarifying  at  this  stags,  even  though  It  Is  of  greater 
significance  for  Dr  Hoaljmakar'a  papar^.  This  concerns  tha  mathasMtlcal  nature  of 
tha  problems  to  which  tha  various  framaworka  give  rise,  and  how  these  can  be  modified 
by  particular  gaonatrlaa.  Tha  discussion  la  rastrlctad  to  staady  flow.  To  Illustrate  tha 
point,  consider  a  purely  supersonic  flow  and  Ignore  tha  comploaltlas  of  tha  vortax  modals. 
Both  tha  full  potential  and  tha  supersonic  Prandtl-Glauart  frameworks  lead  to  hyperbolic 
problams.  Bowavar,  for  tha  flow  past  a  conical  shape,  tha  problem  can  ba  raforaulatad  la 
conical  variables,  yielding  an  aquation  la  only  two  variablas  which  changes  type  from 
elliptic  near  tha  fraa-straam  direction  to  hyperbolic  at  a  largo  Inclination  to  It.  Tha 
prasance  of  vortax  ahaata  of  conical  form  does  not  change  tha  type  of  the  problem  la  this 
case,  though  of  course  the  prasance  of  boundaries  of  unspaciflad  shape  does  make  It  more 
ecmplax.  In  tha  alandar-body  fraawtrark,  tha  solution  splits  Into  an  axial  flow  parturba¬ 
tlon  depending  only  on  tha  distribution  of  cross-sectional  area,  and  a  cross-flow  partur¬ 
batlon.  Tha  problem  for  the  cross-flow  Is  govarned  by  ^place's  aquation  and  la  thareforo 
always  elliptic,  without  tha  ceapllcatlon  of  tha  vortax  sheets,  each  of  the  two- 
dimensional  cross-flow  problams  Is  Indapandant  of  the  others  and  can  ba  solved  la  Isola¬ 
tion.  With  vortax  sheets  each  cross-flow  problam  dapaads  on  tha  solution  upstream.  In 
this  respect  tha  problam  takas  on  a  quasi-parabolic  character,  with  the  straamwlaa  coupling 
raprasantad  by  ordinary,  rather  than  partial,  dlffarantlal  aqMtlons,  because  tha  circula¬ 
tion  Is  concentrated  In  shaata,  not  diffused  as  vortlclty.  In  tha  particular  case  of  a 
conical  body  shapa,  for  which  a  conical  vortax  configuration  Is  sought,  tha  quasi-parabolic 
behaviour  la  ellninatad.  a  single  elliptic  problem  with  unknown  bounder las  than  amargas. 
The  other  effect  of  Introducing  a  vortax  raprasantatlon  which  goes  bayond  the  rigid  planar 
waka  Is  to  Introduce  an  aasantlal  nonlinearity  Into  the  problam.  The  govarnlng  dlttaran- 
tlal  aquations  for  tha  Prandtl-Glauart  and  slander-body  frameworks  are  linear,  but  tha  con¬ 
dition  of  continuity  of  praaaura  across  a  vortax  shaat  is  nonlinear. 

In  viaw  of  tha  large  amount  of  work  In  this  flald  using  tha  alandar-body  framawork. 

It  Is  worth  recalling  tha  relationship  between  it  and  tha  theory  of  inooavrasslbla  two- 
dimensional  flow.  Thera  Is  an  exact  eorraspondanca  batwaan  the  cross-flow  componant  of  a 
alandar-body  solution  and  an  unsteady  two-dlsMnslonal  flow  In  which  tha  body  Is  growing, 
anvlng,  and  deforming  In  tlaa  In  tha  same  way  as  tha  cross-section  of  tha  thrae-dlmenslonal 
body  is  changing  In  tha  straamwlaa  direction.  Whan  vortax  sheets  are  present,  tha  separa¬ 
tion  Unas  must  also  ba  specified  In  tha  same  way.  Thara  Is  no  direct  ralatlonahlp  batwaan 
tha  viscous  affaets  In  tha  two-  and  thraa-dlmenslonal  flows.  A  oonaaquanea  of  this 
eorraspondanca  la  that  tha  classical  traatmant  of  tha  roll-up  of  a  threa-dlmenslonal  waka, 
treating  It  aa  a  tlsM-depandant  problam.  Is  just  a  alandar-body  approximation  to  tha 
thraa-dlmsnslonal  flow. 


2  mtmU  OP  VOBTEA  SmBTB 

The  flat  waka  behind  an  alllptlcally-loadad  wing  Is  In  equilibrium.  In  tha  classical 
Just  rafarrad  to.  Tha  equilibrium  is  unstable,  but  avan  tha  axlstanca  of  a 
almpla  aqulllbrlum  configuration  makes  this  an  axcaptional  case.  In  ganaral,  the  equi¬ 
librium  shapa  of  a  vortax  shaat  Involvas  tha  rolling  up  of  Its  free  adgas  Into  a  spiral 
form,  tha  spiral  containing  an  Infinitely  large  number  of  turns  about  Its  axis,  wa  shall 
ba  eoneemad  with  tha  raprasantatlon  of  such  spiral  shaats.  Par  a  convantlonal,  tall-aft, 
configuration,  tha  rolling  up  of  tha  vortax  waka  Is  of  ralativaly  little  Importanoa  to  tha 
aircraft  Itsalf  (though  It  nay  ba  vary  significant  for  a  lighter,  following  aircraft) 
boemaa  It  takas  place  wall  downstream  of  tha  wing  and  wall  outboard  of  tha  tall,  tolling 
up  is  of  greater  importanoa  for  a  canard  lay-out  and  la  a  dominant  feature  of  flows  Involv- 
Ito  laading-adga  separation  from  strakas  and  delta  wings.  It  la  also  bacomlag  clear  that 
tto  behaviour  of  rellad-up  vortax  shaata  can  explain  many  aspects  of  tha  aarMynanlos  of 
tha  noses  of  aircraft  and  missiles  at  largo  angles  of  attack. 
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To  rapraaont  an  Inflnlta  aplral  in  a  nuaarleal  calculation  would  praaant  consldar- 
abla  dlffloultlaa.  Tha  ali^laat  way  out  la  tbat  adoptad  by  Manqlar  and  8alth> .  It  la 
alnply  to  rapraaant  tha  Innar  turna  of  tha  vortax  ahaat  by  a  alnpla  llna-vortax,  at  laaat 
aa  Ut  aa  tha  affacte  of  tha  innar  turna  on  tha  raat  of  tha  flow  flald  ara  eoncamad.  A 
faw  turna  on  tha  outalda  of  tha  spiral  can  than  ba  raprasantad  axplicltly  In  a  numrlcal 
traatswnt.  An  aasantial  faatura  of  flows  of  this  kind  Is  that  circulation*  Is  balng  con- 
vactad  along  tha  ahaat.  SoaM  alag>llflad  rapraaantatlon  Is  tharafora  naadad  of  tha  eonvac- 
tlon  of  circulation  froa  tha  fraa  adga  of  tha  outar  part  of  tha  shaat  to  tha  llna-vortax 
raprasantlng  Its  coca.  In  tha  axlatlng  sodal.  usad  both  In  tha  slandar-body  and  tha  sub¬ 
sonic  Prandtl-Glauart  frasaworks.  this  convactlon  procass  Is  raprasantad  aa  occurring 
sntlraly  in  tha  cross-flow  plana>  which  Is  not  vary  dlffarant  fcoai  a  plana  noraal  to  tha 
llna-vortax.  As  a  raault>  a  discontinuity  of  prassura  appaars  across  the  cut  connecting 
tha  fraa  adga  of  tha  ahaat  to  tha  vortax.  a  dlacontlnulty  whose  aagnltuda  depends  on  tha 
straaawlaa  coordinate  only.  To  obtain  a  force-frae  systaa,  tha  force  which  arises  froai 
this  prassura  difference  In  aach  cross-flow  plana  Is  balanced  by  tha  local  force  on  tha 
llna-vortax  which  arises  frost  its  Inclination  to  tha  local  flow  direction.  Since  tha 
force  arlalng  froai  tha  prassura  dlffaranca  scales  on  tha  product  of  tha  circulation  of  tha 
llna-vortax  and  Its  distance  fraa  tha  fraa  adga  of  the  shaat.  It  will  tend  to  saro  as  tha 
extant  of  tha  properly-aodallad  outar  part  of  tha  shaat  Increasaa.  In  fact,  for  aost 
purpoaas.  It  Is  anough  to  Include  axplicltly  about  half  a  turn  of  tha  shaat  on  a  delta 
wing* . 


Bacausa  this  aodal  has  often  baan  applied  to  flowa  which  ara  conical.  It  Is  oftan 
thought  of  as  being  rastrlctad  to  conical  flowa.  In  fut  It  has  baan  usad  for  non-conical 
flows  In  tha  frsMworks  of  slander-body  theory****  and  of  tha  fuller  Prandtl-Glauart  traat- 
swnt  for  subaonlc  flow****.  Tha  boundary  conditions  to  be  applied  on  tha  proparly- 
raprasantad  outer  part  of  tha  ahaat  ara  that  tha  pressure  Is  continuous  across  tha  shaat 
and  that  tha  shaat  forsis  part  of  a  thrae-dlMnalonal  straaai  surface.  These  are  exactly 
equivalent  to  tha  raqulraawnt  that  tha  circulation  Is  convactad  with  tha  naan  of  tha 
velocity  vactora  on  tha  two  sides  of  tha  shaat.  An  additional  Kutta  condition  Is  usually 
naadad  at  tha  separation  line,  for  flows  without  lateral  syuBMtry  It  la  also  nacasaary 
to  fix  tha  overall  circulation  about  tha  oroas-sactlon  of  tha  configuration  to  ba  teroi 
a  condition  which  follows  froai  tha  application  of  Kelvin's  thaoraai  to  a  closed  contour 
which  Is  convactad  froai  upatraaa  to  surround  tha  configuration. 

This  BOdal.  laplsaantad  In  tha  slandar-body  fraMwork.  haa  bean  shown  to  give  a 
usaful  qualitative  picture  of  tha  affects  of  planfom.  thickness,  cross-aactlonal  and 
langthwlaa  caad>ar.  slda-sllp.  roll,  and  oscillations  In  pitch  and  haava  for  slaple  flows 
over  sharp-adgad  wings.  Involving  only  a  alngla  pair  of  laadlng-adga  vortlcaa.  It  haa 
also  baan  laplaaantad.  with  aueh  graatar  difficulty.  In  tha  subsonic  Prandtl-Glauart 
framaworki  and  has  bean  shown  to  give  rallabla  quantitative  predictions  of  lift,  pitching 
SKMant  and  prassura  distribution.  For  a  discussion  of  thasa  results  and  nors  coaiplata 
lists  of  raferancas.  aaa  previous  ravlaws*'**.  For  those  slaiplo  flows,  tha  aajor  waak- 
nasaaa  arise  frosi  tha  absaneo  of  any  roprasantatlon  of  secondary  separation  or  vortax 
breakdown. 

An  laqnrtant  special  case  of  this  vortex-sheot  model,  which  significantly  pra-datas 
It.  Is  obtained  by  oailttlng  tha  explicit  roprasantatlon  of  tha  outer  turns  of  the  spiral 
ahaat.  so  that  tha  cut  axtenda  from  tha  llna-vortax  to  its  assoclatsd  separation  line. 

This  was  usad  by  Brown  and  Michael*,  following  earlier  work  by  legendra**.  The  saaa  aodal 
was  applied  to  raprosant  vortices  shad  from  Inclined  cones  and  cylinders  by  Bryson**, 
still  within  tha  framework  of  slandar-body  theory,  and  It  has  also  been  laplenantad  In  tha 
subaonlc  Prandtl-Glauart  framawork*’** .  It  will  be  raforred  to  as  tha  (single)  llna-vortax 
modal.  Again  It  Is  not  oonflnad  to  conical  flow,  thougn  the  curvature  of  tha  llna-vortax 
than  prasants  a  mathamatloal  difficulty. 

Tha  aalf-lnduead  valoclty  of  a  curved  llna-vortex  Is  Infinite  and  directed  noraal  to 
Itself.  This  is  obviously  non-physloal  and  Indicates  that  tha  modal  is  over-slmpllflad. 
The  same  difficulty  arises  with  ttw  core  representation  In  tha  vortax-shaat  model.  It  can 
ba  resolved  by  considering  tha  vortax  core  to  have  a  finite  cross-sactlonal  area,  baaed  on 
tha  geesMtry  la  tha  cross-flow  plana,  and  a  continuous  distribution  of  vortlclty.  baaad  on 
one  of  tha  asymptotic  solutions  *******  for  the  Inner  part  of  a  vortex.  T(ia  self-induced 
velocity  is  then  finite,  and  oan  ba  caloulatad**.  and  could.  In  principle,  ba  Included  in 
tha  modal.  la  tha  slandar-body  framework  the  salf-lnducad  velocity  Is  of  tlia  same  order 
as  other  naglacted  quantities  and  there  is  no  mathamstlcal  reason  to  include  It. 

Another  omitted  effect  la  the  representation  of  tha  whole  or  part  of  tha  spiral 
shaat  by  a  llae-vortex  is  that  of  tha  elreuaiferantial  coaiponent  of  the  vortlclty  vector. 
Thla  component  has  tha  affect  of  aocelaratlng  the  flow  along  the  axis  of  the  vortax, 
oftan  vary  appraolably,  produolag  aa  asaoolatad  Inflow  as  required  by  continuity.  It  Is 
possible  to  rapraeaat  tha  affect  of  this  inflow  on  tha  outer  flow  by  combining  a  llna- 
slnfc  with  tha  llna-vortax.  This  approach  has  baan  dlacussad  by  Hoaljmakara**  and 
Varhaagan** ,  but  it  Is  necessary  to  talw  considerable  care  over  tha  definition  of 


*  Tha  term  'olroulation'  Is  hare  uaad  In  a  slight  extension  of  its  usual  meaning.  Conven¬ 
tionally,  circulation  is  a  property  of  a  closed  contour.  However,  In  a  potential  flow 
with  anbaddad  vortax  shaats,  tha  circulation  about  all  closad  contours  which  Intarsact 
ona  sheet  only,  and  that  sheet  at  one  and  tha  saaa  point.  Is  tha  saaw.  to  that  it  can  be 
regarded  aa  a  Icoal  property  of  the  sheet.  It  Is  Just  the  Jump  In  potential  acrosa  tha 
ahaat.  l€  seams  batter  to  extend  tha  usa  of  'circulation'  In  this  way  rather  than  uaa 
'vortlclty'  in  aanaea  which  may  ba  confusing. 
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•ntralnaant  If  thalr  raaulta  ara  to  ba  intarpratad  oorraetly.  It  again  appoaxs  that,  la 
tha  alandax-body  fxaaatioxk.  tha  atxangth  of  tbo  tlna-alnk  la  of  tba  aaaa  oxdox  aa  tha 
othax  naglactad  quantltlaa. 

In  vlaw  of  thaaa  coaiplaxltlaa.  It  la  not  auxpxlalng  that  othax,  appaxantly  aoxa 
atxalghtfoxwaxd,  appxoaehaa  hava  baan  nada  to  tba  BOdalllng  of  tha  Inflaltaly  xollad-up 
ahaat.  Tba  noat  populax  of  thaaa  la  tha  xapxaaantatlon  of  tha  ahaat  by  a  laxga  nuabax 
of  llna-voxtlcaa.  Tha  baala  of  thla  nay  ba  aaan  by  dxawlng  on  tha  ahaat  a  faally  of 
aplxai  cuxvaa  which  axa  llnaa  of  conatant  olxculatlon,  ox  eonatant  juap  In  potantlal.  Aa 
nantlonad  abova,  thaaa  will  alao  ba  atxaaallnaa  of  tha  naan  flow.  Tha  aplxai  cuxvaa  cut 
tha  ahaat  Into  xlbbona,  and.  If  tha  clxculatlon  In  aaeh  xlbbon  la  condanaad  Into  a  llna- 
voxtax,  a  nultlpla  llna-voxtax  nodal  la  obtalnad.  Tha  condition  to  ba  aatlaflad  la 
slnply  that  aach  llna-voxtax  ahould  ba  allgnad  with  tha  local  flow  dlxactlon  along  tha 
whola  of  Ita  langth. 

Tha  guaatlon  of  tha  aalf-lnducad  valoclty  of  tha  cuxvad  llna-voxtax  axlaaa  again. 
Thla  tlna  tha  llna-voxtax  xapxaaanta,  not  a  coxa  of  flnlta  axaa,  but  a  xlbbon  of  tha 
ahaat,  and  a  dlffaxant  appxoach  la  naadad.  Slnca  a  plana  alanant  of  ahaat  haa  no  aalf- 
lnducad  valoclty,  no  local  contxlbutlon  fxcai  tha  xlbbon  la  xaqulxad.  A  plaualbla  pxoca- 
duxa  would  ba  to  onlt  from  tha  xanga  of  Blot-Savaxt  Intagxal  fox  tha  aalf-lnducad  velocity 
of  a  llna-voxtax  at  a  point  P  an  Intaxval  auxxoundlng  P  of  tha  aana  langth  aa  tha  dla- 
tanca  batwaan  tha  adjacant  llna-voxtlcaa.  In  tha  publlahad  calculatlona  ualng  thla  nultl- 
voxtax  nodal,  tha  cuxvad  llna-voxtlcaa  axa  xaplacad  by  aagnanta  of  atxalght  llnaa.  Tha 
valoclty  la  althax  calculated  at  the  nld-polnt  of  tha  aagnent,  whexa  It  la  flnlta,  ox  at 
tha  and,  whaxa  It  la  pxaaunably  nacaaaaxy  to  naglaet  the  Infinite  contxlbutlona  of  tha  two 
aagnanta  tihlch  neat  thexa. 

Tha  nultl-voxtax  nodal  la  noat  natuxally  uaad  to  deacxlbe  aepaxatlon  fxen  the  edge 
of  a  wing  which  la  alao  xapxaaantad  by  a  aat  of  llna-voxtlcaa,  aa  In  a  voxtax-lattlca  ox 
voxtex-xlng  nodal  of  tha  wing.  Tha  Kutta  condition  la  than  juat  that  the  voxtlcaa  xun 
off  the  edge  Into  tha  ahaat,  with  continuity  of  olxoulatlon.  If  tha  wing  la  xapxaaantad 
by  a  contlnuoua  load  dlatxlbutlon,  aa  In  alandax-body  thaoxy,  fox  Inatanea,  thaxe  la  acna 
axbltxaxlnaaa  about  whaxa  tha  voxtlcaa  xapxaaantlng  tha  ahaat  axa  to  ba  Intxoducad,  and  a 
alnllax  difficulty  axlaaa  In  nodalllng  aapaxatlon  fxen  a  nooth  auxfaca.  Thla  axbltxaxl¬ 
naaa  affaeta  tha  clxculatlon  of  tha  voxtlcaa  thxough  tha  Kutta  condition. 

Thaxa  axa  thxaa  baalc  dlffleultlaa  which  affect  calculatlona  with  tha  nultl-voxtax 
nodal,  though  tba  laat  only  axlaaa  la  tha  alandax-body  fxanawoxk.  The  flrat  la  that  a 
laxga  nunbax  of  llna-voxtlcaa  axa  naadad  to  obtain  an  aoeuxata  aolutloa.  The  avldanca 
fox  thla  oonaa  fxon  tha  calculatlona  by  Sacka,  aa  cl’  In  tha  alandax-body  fxanawoxk,  whaxa 
they  waxe  able  to  uaa  a  laxga  nunbax  of  voxtlcaa.  A  alight  ganaxallaatlon  of  thalx 
aatlnata  of  tha  nunbax  of  voxtlcaa  needed  fox  a  oonvaxgad  aolutlon  lat 


30  +  300A/a  ,  (1) 

whaxa  A  la  tha  aapact  xatlo  and  a  la  tha  angle  of  Incldonoa  In  dagxeaa.  Tha  laxgeat 
value  of  A/a  eovaxad  la  thalx  calculatlona  la  0.2.  Thaxa  aaona  no  xaaaon  why  fawax 
voxtlcaa  would  ba  naadad  la  anothax  fxanawoxk. 

Tha  aaoond  difficulty  ccncaxna  tha  ahape  of  the  llna-voxtlcaa.  Thaaa  ahould  follow 
tha  atxaanllnaa  and  thaaa,  aa  wa  know  fxen  naay  vlauallaatlon  expaxlanata,  axa  halleea, 
with  tha  pitch  of  tha  halls  beconlng  anallax  tha  aeaxax  tha  atxaaillna  llaa  to  tha  axla 
of  the  voxtax.  It  followa  that  a  llna-voxtax  ataxtlag  naax  the  apex  of  a  delta  wing 
ahould  follow  a  hallx  of  vaxy  null  pitch,  and  each  a  halls  xagulxea  vaxy  nany  eloamata 
to  daacxlba  It  with  any  xaallan.  Tha  noxa  voxtlcaa  axa  Intxoducad,  to  naat  tha  flxat 
difficulty,  tha  eloaax  to  tha  apex  tha  flxat  ataxta,  ao  Incxaaalng  tha  aacond  difficulty. 
Tha  aolutlon  nuat  be  to  xepxaaant  tha  Innax  paxt  of  the  ahaat  aepaxataly,  pxobably  by  a 
llna-voxtax  of  growing  clxculatlon,  as  In  tha  voxtax-ahaat  nodal. 


In  tha  alandax-body  fxanawnrk,  a  third  difficulty  axlaaa  baoauaa  of  the  quaal- 
paxabello  nature  of  tha  preblon  rafarrad  to  abova.  Tha  ahapea  of  the  llna-voxtlcaa  axa 
found  by  Integrating  exdloaxy  dlffaxontlal  aquations  In  the  stroMwlsa  direction.  Aa  a 
Kamlt  of  tha  basic  Instability  of  thla  pxooass  and  of  tha  close  approach  of  neighbouring 
voxtlcaa,  tha  shapaa  of  tha  voxtlcaa  bacons  chaotic,  as  Sacks,  at  at  found*.  This  situa¬ 
tion  haa  alnca  baan  studied  la  tbs  exactly  analogous  alanax  unsteady  pxoblan,  whexa  tha 
onset  of  ebaoa  has  baan  postponad  la  two  waya.  Nooxa**  has  used  an  explicit  coxa  xepxe- 
uatatlon,  as  niggastad  ahevs  fox  othax  xaasonei  and  rink  and  Soh**  hava  xadlatxlbutad 
tha  voxtlcaa  along  tha  ahaat  at  the  and  of  oaoh  tins  stop,  haeont  work**  with  a  nultl- 
voxtax  foxnulatlon  whloh  ovecoonao  aona  of  thaaa  difficulties  will  ba  dasexlbad  latex. 

1  WeWT  amLOSW-va  Tu  vif  ngWM 

^  ***“  xaoant  davolopnants  will  be  outlined.  Two  of  thaaa  relate  to  tha  adaptation 

of  aodals  gMxally  OMllod  to  aopoxatlon  fxon  aallant  adgas  to  tha  xeprasantatlon  of 

fxon  »oath  suxfaoooi  and  tw  axlta  fxon  tho  noad  to  xapxasant  noxa  oonplleatsd 
flow  pattaxna  than  thoao  on  a  dolta  wing. 


-  ••  <lf •»  kl»c  axtonolon  of  tho  voxtax-ahaat  nodal  to  dasexlba  separation 

fxon  noanth  MvfMO,  ao  ropoxtad  by  riddas**  fox  the  ossa  of  the  slander  alllptlo  eons  at 
I?*!.*®*"  *lfat  Mint  to  xoallaa  la  that  tha  sboet  nuat  leave  the  surface  tangen¬ 
tially".  Thoao  m  than  tw  poanlbla  types  of  behaviour  of  tba  flow  noxnal  to  tha 

***•■  ilna**'*  .  with  tha  douiatxaaa  side  of  the  aapaxatlon  lino  doflnod  as  the  side 
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towuds  which  the  vortex  aheot  departs,  these  behaviours  arsi  either  the  vortex  sheet  has 
Infinite  curvature  and  the  pressure  gradient  upetraae  of  the  separation  line  la  Infinitely 
adversat  or  both  the  sheet  curvature  and  the  upetraae  preasura  gradient  are  finite.  The 
fore  of  the  singularity  In  both  the  curvature  and  pressure  gradient  le  the  Inverse  square 
root  of  the  distance  free  the  separation  line.  To  represent  this  behaviour  la  a  calcula¬ 
tion  Is  not  trivial,  and  the  ptoblae  has  bean  atteepted  so  far  only  In  the  slander-body 
fresawork.  Clearly,  curved  slaeanta,  or  panels,  are  aaadad  to  represent  the  sheaf,  and 
the  base  alaeaat  apparently  needs  Infinite  curvature  at  one  end.  An  Ingenious  use  of  con- 
fomal  napplngs>’<”  avoids  the  need  for  such  a  special  alaeent,  and  an  existing  fom>  can 
be  used. 

Fran  the  point  of  view  of  the  Invlacld  BOdolllng,  the  outatandlng  question  concerns 
the  Kutta  eondltlcn.  fines  all  the  velocities  are  finite  In  the  attached  flow,  and  the 
pressure  Is  continuous  averywhara.  It  Is  not  clear  that  any  further  eondltlcn  is  required. 
However,  a  further  condition  on  the  nuMrlcal  solution  la  useful.  In  the  exact  Invlacld 
solution,  the  fact  that  both  the  body  surface  and  the  vortex  sheet  are  stress  surfaces 
inpllas  that  the  velocity  vector  on  the  surface  on  the  downstrsas  side  of  the  separation 
line  nuat  be  parallel  to  the  separation  line.  This  will  not  naturally  aserga  fros  a 
nunerlcal  solution.  In  which  the  stress  surface  condition  Is  enforced  by  setting  the 
nomal  cospenent  of  the  velocity  to  aero.  It  Is  therefore  helpful  to  require,  as  a  form 
of  Kutta  eoodlt<*»,  that  the  surface  valoelty  la  along  thn  separation  line  on  Its  down- 
atraas  aide. 

Fros  the  point  of  view  of  sodalllng  the  real  viscous  flow,  the  outstanding  question 
Is  the  dstamlnatlcn  of  the  separation  line.  For  boundary  layers  which  are  lanlnar 
upatrass  of  separation,  Flddas  describes  an  approach  which  la  both  rational  nathanatlcally, 
and  reasonably  successful  In  reproducing  the  observations  on  circular  cones.  The  approach 
raata  on  the  asynptotlc  theory  of  leslnar  separation  for  large  Reynolds  nunber  which  was 
put  forward  by  Sychov**  and  ocnplatad  by  F.T.  Snlth**.  The  essential  points  arei 
(1)  at  Infinite  Reside  nunber,  aaparatlco  oust  be  anooth,  it  the  singular  behaviour  In 
sheet  curvature  and  upatrean  pressure  asist  not  occur »  (11)  at  finite  Reynolds  nunber,  the 
separation  line  is  dlaplacad  downstraan  fren  the  position  of  anooth  separation  until  there 
la  a  balance  between  the  strength  of  the  singular  behaviour  and  the  level  of  skin  friction 
upstraan  of  separation. 

Tbs  use  of  this  approach,  trlth  the  vortex  sheet  nodal  and  a  lanlnar  boundary  layer 
calculation,  nakes  It  possible  to  calculate  the  position  of  the  aeparatlon  line  as  a 
function  of  Reynolds  nunber.  Fig  1  shews  how  thn  pcodleW  novanant  of  the  separation 
line  with  Reynolds  nunber  Bonpsres  with  that  observed  by  Ralnblrd,  at  at**  In  a  water-tunnel 
axperlnant  cn  a  circular  cone.  The  tread  is  well  predicted,  and  the  difference  in  actual 
position  Is  snail  oonpered  with  the  dlaplnoanent  of  the  separation  line  fron  Its  position 
for  Infinite  Reynolds  nunber.  There  la,  of  course,  no  reason  to  expect  that  the  line 
along  which  the  vortex  sheet  leaves  tbs  surface  la  tbs  nodal  should  agree  exactly  with  any 
particular  obsarvad  feature  of  the  real  flew.  It  Is  surprising  that  the  asyaq^totlc  traat- 
nent  Is  as  suceeseful  as  It  appears  to  be,  relying  as  It  does  on  a  leading  tern  which  Is 
of  order  R~''*  . 

The  Invlacld  nodal  con  be  assessed  Independently  by  using  It  with  a  neasured  posi¬ 
tion  of  the  separation  line.  Fig  I  shows  a  cress-soctlen  of  the  calculated  vortex  con¬ 
figuration,  with  the  separatlco  line  at  the  observed,  Isnlnar  position,  ahd  the  observed 
position  of  the  core  of  the  vortex  for  oonperlson.  The  vortex  Is  st  about  the  right  dis¬ 
tance  free  the  surface,  but  net  far  eneugh  round  fron  the  separation  line.  The  sane  sort 
of  dlsoropaney  arises  la  wing  flews,  and  Is  usually  attributed  to  the  failure  to  repre¬ 
sent  eecondsry  separation  la  the  nodal,  h  further  cenporlson  Is  shown  In  Fig  3.  To  give 
sene  Ides  of  the  shape  of  the  real  vertex,  centours  of  total  pressure  neasured  by 
Ralnblrd**  around  a  circular  cone  In  a  wlM  tunnel  are  shown,  with  tbs  osloulatad  vortex 
configuration  superinpeead.  The  observed  pesltlon  of  the  torbulent  separatlco  line  was 
used  In  the  calculation.  Thn  nodel  Is  clearly  producing  the  correct  qualitative  behaviour. 

It  seens  porfsetly  feasible  to  extend  this  work  to  noo-coaleal  sleirfar  bodies  of 
general  cross-sectional  shape,  end,  with  rather  ante  effort,  to  InplssHnt  the  nodal  in 
the  aubsoole  Fraadtl-Olauert  frenework.  However,  to  produce  a  slnilar  nethod  capable  of 
predicting  turbulent  separation  denenils  a  new  insight. 

Cenpacad  with  this  eubstontlal  echlevenent,  the  ascend  advance  to  be  reported  Is  a 
nlnor  one.  Hhat  It  provides  le  an  Inprovenaat  in  the  Kutta  condition  for  uaa  with  the 
single  llne-vortex  nodal.  The  standard  boundary  ecadltlon.  Introduced  by  Rryson**,  la 
that  the  velocity  at  tha  aoparatlon  lino  Is  pnrallol  to  It.  This  forcos  the  soparatlng 
atrosn  surfaeo  to  loavo  the  body  In  a  dlreetlon  nomal  to  tho  body,  whoross.  If  tha  shoot 
wars  repraseatad.  It  would  leave  tangentially.  Tho  Inprevaneat  Is  achieved  by  writing 
the  Kutta  cendltlon  for  the  ahoot  andel,  that  the  valoelty  on  tha  downetresn  side  Is 
parallel  to  tho  saparatlon  line,  entirely  In  toBss  of  the  naan  valoelty  and  tho  rata  at 
which  circulation  Is  being  shod.  These  ore  quantities  which  also  appear  In  tha  slnpler 
llao-vortex  andel  and  so  the  rovlsed  fern  of  the  Kutta  ooodltlon  eon  bo  token  over 
InsNdlatoly.  For  the  slnplo  oxanplo  of  separation  fron  a  body  of  revolution  at  Ineldanco, 
with  tho  separation  lino  lying  al^  a  nsrldlan,  tho  eendltlco  boocnos 


(3) 


8 

whar*  V  la  tha  elrcuafarantlal  componant  of  tha  valoeity,  U  la  tha  undlaturbad  apaad« 
and  dr/dx  la  tha  axial  rata  of  growth  of  tha  circulation.  Ccaparad  with  tha  original 

fom  of  tha  condition,  <•  v  •  0,  aquation  (2)  claarly  allowa  tha  vortax  to  ba  waakar  If 

Ita  position  Is  unehangad.  Tha  genaral  axpraaslon  corraapondlng  to  (2)  Is  glvsn  In  Raf  12. 

An  Illustration  of  tha  effect  of  the  different  foras  of  Kutta  condition  la  given  In  Fig  4 

for  conical  flow.  The  curves  drawn  are  all  cross-aactlona  of  conical  straaai  surfaces,  of 
which  the  body  surface  foma  one.  At  tha  top  Is  sketched  a  vortax  ahaat  aolutlon.  In  which 
tha  sheet  leaves  the  body  tangentially  along  tha  separation  line,  S  ,  to  forai  tha  surface 
of  separation.  On  tha  left,  tha  flow  corresponds  to  a  llne-vortax  solution  with  tha 
original  Kutta  condition)  the  separation  line  Is  a  singular  point  for  tha  faiilly  of  curves 
shown  and  the  separation  surface  leaves  the  body  there  In  the  nomal  direction.  On  the 
right,  tha  flow  corresponds  to  a  llne-vortax  aolutlon  with  tha  revised  Kutta  condition) 
tha  specified  separation  line,  S  ,  Is  no  longer  singular  and  tha  separation  surface 
follows  further  round  the  body  before  leaving  It,  again  In  tha  norsuil  direction. 
Neighbouring  conical  stream  surfaces  are  now  more  like  those  In  tha  vortex  sheet  aolutlon 
shown  at  the  top. 

Calculations^’'^'*  for  conical  bodies  using  the  revised  Kutta  condition  do  show 
smaller  circulation,  lower  peak  suction,  lo%rar  lift,  and  vortices  lying  further  Inboard. 
These  changes  tend  to  Improve  tha  relationship  with  axperliMntal  observations.  Thera  Is 
a  lower  bound  on  tha  angle  of  Incidence  for  which  the  llna-vortex  modal  baa  solutions  In 
which  tha  vortax  Ilea  near  the  separation  line.  This  bound  is  unrealistically  high  In 
relation  to  experiment  and  to  tha  vortex-sheet  model's  predictions”;  unfortunately  the 
use  of  (2)  does  not  lower  tha  bound. 

We  now  turn  to  tha  Improvamants  alsMd  at  the  treatment  of  more  complicated  vortex 
configurations.  In  particular,  configurations  %ihlch  Involve  more  than  one  axis  about  which 
rolllng-up  occurs.  Hoeljmakers  and  Vaatatra”'’*,  using  the  vortex  sheet  nodal  In  tlsw- 
dependent  planar  problems,  equivalent  to  the  slander-body  framework,  have  Introduced  a 
very  useful  feature,  Nhara,  In  tha  course  of  tha  evolution  of  tha  vortex  sheet,  a  kink 
begins  to  form  In  tha  shape,  a  short  segment  of  the  sheet  Is  rasiovad.  The  circulation 
about  this  segment  la  concentrated  Into  a  llne-vortax,  which  Is  Inserted  In  place  of  the 
segment,  and  connected  by  cuts  to  the  free  edges  of  the  sheet,  leaving  the  velocity  poten¬ 
tial  single-valued  once  more.  Circulation  convected  off  the  free  edges  of  the  sheet  Is 
added  to  the  circulation  of  tha  llne-vortax.  The  system  of  a  llne-vortex  with  two  cuts 
represents  an  Infinitely  rollad-up,  double-branched  core  of  tha  sheet,  which  we  can 
Imagine  as  growing  from  a  point  on  tha  vortax  sheet  at  which  a  singularity  has  appeared. 

The  spontaneous  amargance  of  singularities  In  the  evolution  of  vortax  sheets  has  recently 
been  dlseusaad  by  Moore’’  In  a  proper  suithastatlcal  context.  It  appears  that  by  Identify¬ 
ing  and  treating  these  kinks  or  singularities  an  orderly  evolution  of  the  vortex  configura¬ 
tion  can  ba  computed  for  longer  tlmaa,  or  further  downstream,  than  would  otherwise  be 
possible. 

One  of  tha  configurations  for  which  this  sort  of  extra  freedom  Is  needed  Is  the 
double-delta  wing,  or  the  swspt-wlng  with  straka.  If  tha  Inboard  and  outboard  portions 
of  tha  leading-edge  have  almost  the  same  angle  of  sweep  and  tha  angle  of  Incidence  Is  not 
too  maall,  a  vortex  sheet  will  fora  along  the  whole  leading-edge  and  roll-up  Into  a  single 
spiral  core,  just  as  If  tha  planfom  were  smoothly  curved.  The  local  disturbance  to  the 
sheet  produced  by  tha  kink  In  the  edge  Is  quickly  smoothed  out.  This  flow  should  present 
no  difficulty  to  any  of  tha  models. 

If  the  kink  Is  larger,  tha  disturbance  It  causes  to  tha  smooth  growth  of  the  sheet 
will  result  In  tha  formation  of  a  second  centra  of  roll-up,  as  sketched  In  Fig  5.  This 
sltiutlon  has  bean  made  visible  by  Verheagan,  whoso  photographs  are  published  In  Raf  36. 

Tha  circulation  shad  from  tha  outboard  le^lng-edge  cannot  be  convected  past  the  nawly- 
fomad  outboaid  core,  ao  tha  circulation  of  tha  Inboard  pert  of  tha  sheet  raSMlns  constant, 
or  may  even  reduce  If  tha  outboard  core  becomes  strong  enough  to  convaot  circulation  back 
towards  itself.  The  outboard  core  continues  to  grow  on  the  circulation  shad  from  the 
leading-edge,  and  will  eventually  dominate,  and  perhaps  swallow,  the  Inboard  core.  If  tha 
w'ng  extends  far  enough.  Tha  surface  sketched  In  Fig  5  is  a  stream  surface,  but  not 
naeaasarlly  a  proper  vortax  sheet  everywhere.  The  jump  In  tangential  velocity  nay  decay 
to  sero  near  tha  polnta  of  Inflexion  In  tha  ourvea  which  connect  the  two  cores,  since  both 
cores  are  oonveotlng  circulation  away  from  tha  Inflexion  polnta. 

If  the  kink  Is  larger,  or  tha  lacldanca  smaller,  pert  of  tha  stream  surface  connect¬ 
ing  tha  two  coraa  la  likely  to  oollapaa  onto  tha  surface  of  the  wing,  as  sketched  In 
Fig  6.  The  structure  of  tha  outboard  vortax  is  now  of  the  familiar  leading-edge  vortax 
type,  though  It  la  worth  noting  that  Its  Initial  growth  from  tha  kink  Is  not  oonloal, 
even  la  tha  slander-body  framework.  The  Inboard  core  Is  shown  as  ooiuiaetsd  to  tha  wing 
surface  by  a  stream  surface  springing  from  tha  line  AB.  This  Is  not  meant  to  suggest 
that  the  boundary  layer  on  tha  wl^  soparataa  along  AB,  though  It  might  do  ao.  However, 
there  must  ba  a  surfaea  atraamllne  suoh  as  AB  which  forms  a  boundary  between  the  surface 
streamlines  which  are  swept  outboard  beneath  the  Inboard  core  and  tha  surface  streamlines 
which  attach  to  the  upper  surface  of  the  wing  after  passing  above  tha  outboard  core. 

Fig  7  shows  a  sketch  of  the  surface  streamline  pattern  which  would  ba  associated  with  tha 
flow  structure  of  Fig  6.  AC  and  K  are  attachment  lines  from  which  boundary  layers  grow. 
These  boundary  layers  may  o^llde  along  AB  and.  If  they  do,  circulation  nay  ba  ahad  from 
AB.  Thera  is  scan  evidence’*  that  this  does  happen  on  practical  configurations,  but 
Interpretation  of  tha  limited  axparlnantal  infematlon  Is  ocaq>lloatad  by  tha  presence  of 
a  secondary  vortex  formed  on  the  forward  part  of  the  wing.  For  simplicity,  secondary 
separation  has  been  Ignored  la  Figs  5  to  7,  and  the  straamllnaa  sketched  In  Fig  7  may 
ha  regarded  either  aa  tha  surface  straamllnaa  of  tha  Invlacld  flow  or  as  tha  limiting 
etresmllnas  of  tha  r»>l  flow. 
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Th*  straam  aurfaca  through  AB  la  drawn  aa  alaply  aa  poaaibla  In  Fig  6,  Intaraactlng 
tha  wing  noraally.  Thla  lavllaa  that  thara  la  no  ahaddlng  of  circulation  along  AB.  Part 
of  tha  atraaa  aurfaca  will  than  no  longar  ba  a  yortax  ahaat,  aa  auggaatad  In  Fig  Sa.  It 
la  than  llkaly  that  a  aacond  cantra  of  roll-up  will  fora,  aa  In  Fig  8b.  On  tha  othar  hand, 
If  circulation  la  balng  ahad  froa  AB,  tha  croaa-aactlon  of  tha  ahaat  will  raaaabla  Fig  Sc 
or  8d,  dapandlng  on  tha  algn  of  tha  ahad  circulation.  Baaolvlng  thaaa  datalla  aaaaa 
unllkaly  to  ba  laportant. 

If  tha  flow  naar  tha  kink  la  aa  akatehad  in  Fig  6,  thara  la  atlll  a  quaatlon  about 
Ita  downatraaa  davalopaant.  Tha  Inboard  vortax  la  aovlng  allghtly  outboard,  undar  tha 
Influenca  of  Ita  laaga  vortax  in  tha  wing,  whlla  tha  outboard  vortax  la  growing  In  alze 
and  atrangth.  Hill  tha  outboard  vortax  captura  tha  inboard  ono7  Ha  raturn  to  thla 
quaatlon  latar. 

Aa  tha  aaquanoa  of  raductiona  In  tha  awaap  of  tha  outboard  wing  and  raductlona  In 
tha  angla  of  Incldanca  contlnuaa,  tha  aaparatlon  on  tha  outboard  laadlng-adga  la  avantually 
auppraaaad.  Tha  flow  atructura  than  raaaaiblaa  that  of  Flga  6  and  8,  with  tha  outboard 
vortax  raanvad.  Tha  corraapondlng  aurfaca  atraaallna  pattam  la  akatehad  In  Fig  9.  Tha 
llna  AB  now  fozaa  a  boundary  batwaan  tha  flow  awapt  outboard  undar  tha  vortax  frcai  tha 
attaohaant  llna  OB  and  tha  flow  coalng  Inboard  froa  tha  laadlng-adga  AC.  Again  thara  la 
tha.  poaalblllty  of  aaparatlon  froa  AB  and  again  tha  raal  flow  la  coapllcatad  ^  aacondary 
aaparatlon  on  tha  atrake.  Haf  38  provldaa  data  on  a  flow  of  thla  kind  alao. 

II  a  calculation  aathod  la  to  tall  aa  which  of  thaaa  flow  pattama  actually  occur* 
on  a  particular  wing  at  a  particular  angla  of  Incldanca,  than  it  nuat  claarly  ba  a 
flaxlbla  ona.  It  nay  ttall  ba  that  Hoaljnakara  tachnlqua  of  rapraaantlng  doubla-branchad 
aplrala  provldaa  tha  naadad  flaxlblllty,  but  an  altamatlva  approach  la  to  turn  to  tha 
aailtlpla  llna-vortax  nodal. 

Paaea*  haa  laplaaMOtad  a  nultl-vortax  nodal.  In  tha  alandar-body  fraatawork,  which 
Incorporataa  two  Inprovananta  ovar  tha  original  approach  of  Sacka,  *t  al>.  Tha  flrat  of 
thaaa  la  to  allow  tha  circulation  of  tha  vortax  which  waa  ahad  noat  racantly  to  Incraaaa 
along  Ita  langth.  Bach  vortax  can  than  atart  with  xaro  circulation,  at  a  point  actually 
on  tha  laadlng-adga  of  tha  wlngi  Inataad  of  atartlng  with  Ita  ultlnata  atrangth  at  a  point 
naar  tha  laadlng-adga.  Moraovar,  tha  Kutta  condition  can  ba  aatlaflad  at  avary  point  of 
tha  laadlng-adga,  through  tha  eontlnuoualy  varying  atrangth  of  tha  noat  racantly  ahad 
vortax.  Tha  flrat  vortax  can  ba  ahad  fron  tha  apax  of  a  dalta  wing,  ao  that  naar  tha  apax 
tha  nodal  la  juat  tha  alngla  llna-vortax  nodal.  Aa  aoon  aa  tha  aacond  vortax  la  Intro- 
doead  at  tha  laadlng-adga,  tha  flrat  vortax  la  no  longar  fad  with  circulation  and  oonvaeta 
with  tha  local  flew,  tha  aacond  vortax  growa  in  circulation,  ao  aa  to  aatlafy  tha  Kutta 
oondltloni  and  fellowa  a  path  which  la  dataraOnad  by  tha  condition  of  aaro  ovarall  forea 
on  It  and  tha  cut  which  Jolna  It  to  tha  laadlng-adga.  Hhan  tha  third  vortax  la  Introduced, 
tha  aacond  la  ahad,  and  ao  on. 

Tha  aacond  laprovanant  la  to  fom  a  atrong  corn  vortax  by  auccaaalvaly  analgaaiatlng 
vortloaa  with  tha  fix 't  ana  to  ba  ahad.  Thla  la  tha  approach  auccaaafully  uaad  by  Hoora^ 
to  delay  tba  caaat  of  ebaoa  la  evolutionary  nultl-vortax  calculatlona.  The  uaual  tach- 
nlque  la  to  raplaoo  tha  two  vortloaa  with  one,  of  the  aano  total  circulation,  placed  at 
tbalr  'centroid  of  circulation'.  Thla  Introdueaa  a  nlnor  dlacontlnulty  into  tha  evolu¬ 
tionary  pcooaaa,  which  nay  trigger  a  potential  iaatablllty.  Peace  avolda  thla  by  trana- 
ferrlng  tha  circulation,  and  aovlng  tha  vmtlcoa,  gradually,  again  naking  uae  of  a  condi¬ 
tion  of  aaro  ovarall  forea.  Two  nlnor  datalla  of  tha  technique  are  worth  noting.  Tha 
Initial  growth  of  each  now  vortax  la  glvan  by  an  aayaptotlc  axpanalon,  with  tha  nuxMrlcal 
totagratloa  prooaaa  taking  ovar  whan  tha  vortax  la  a  abort  diatanca  fron  tha  laadlng-adga. 
To  avoid  a  nultipllelty  of  weak  vortloaa  with  a  randen  dlatrlbutloo  of  algna  being  fomad, 
vorM  fomation  la  auppraaaad  ovar  any  langth  of  tha  laadlng-adga  for  which  tha  Kutta 
condition  la  approxlnataly  aatlaflad  by  tha  axlatlng  vortloaa.  Thla  la  laportant  In  tba 
naaa  of  a  wing  with  langthwlaa  canber,  to  ba  eonaldarad  latar. 

Tha  new  nathod  haa  three  algnlfloant  advantagaa.  Hany  vortlcea  can  ba  ahad,  to 
r^aaant  tha  flow  accurataly,  without  nacaaaarlly  Inducing  a  chaotic  davalopnant. 

*oothnaaa  In  tba  atraanwlaa  davalopnant  of  tha  flow  la  achlaved,  though  weak 
fluctuatlona  ranaln.  Tha  ovarall  accuracy  la  graatar,  bacauaa  the  flow  naar  tha  apax  la 
battar  rapraaantad. 

9*Ting  an  axanple  of  tha  capability  of  tba  nathod  for  a  wing  flow,  we  note 
tnnt  tM  technique  of  allowing  each  new  vortax  to  grow  fron  tha  aaparatlon  llna  cannot  ba 
applied  to  aaparatlon  fron  anooth  aurfaeaa.  Thara  la  no  aaynptotle  aolutlon  for  tha 
Initial  growth  of  aueh  a  vortax  fron  a  finite  point,  aa  pointed  out  by  Bryaon**  , 

To  llluatrata  ^  capability  of  thla  nultl-vortax  tachnlqua,  we  ahow  tha  raaulta, 
taken  fron  Ref  34,  of  applying  It  to  a  doubla-dalta  configuration  like  tboaa  dlacuaaad 
n^va.  Tha  planfom  la  defined  by  tha  aquatlona 


O.lx 
I  ♦  0. 


4<x  -  10) 


for  0  <  X  <  10 
for  10  <  X  <  20, 


***•  wing.  Thla  corraaponda  to  a  aanl-angle  of  5.7* 

*  kink  in  the  laadlng-adga  of  id.i*.  m  Fig  10  raaulta  are  abown  for  an 
an^  of  incldanca  of  J.7».  Croaa-aactlona  of  tha  calculated  vortax  configuration  ara 
aho««  for  thraa  atroMwlaa  atatlona,  the  flrat  at  tha  kink.  Thla  ahowa  tha  uaual 


10 


i- 


pattarn  axpaetad  of  a  conical  aorta*  ahaat  aolutlon  for  an  Ineidanea  aqual  to  tba  aaail- 
apax  angla.  rurtliar  4o«natraa*<  tha  vortlcaa  balng  ahad  roll-up  Into  a  naw  oora  cloaa 
to  tba  laadlnp-adpa,  laaalng  ttoaa  ahad  upatraan  to  convaot  aa  a  group.  Tha  laat  vwtax 
ahad  upatraaa  of  tha  kink  juat  fatla  to  ha  caught  up  la  tha  rotating  group.  Tha  nuabara 
baaida  tha  groupa  of  vortlcaa  indicata  tha  total  circulation  in  tha  groupi  aa  a  valua  of 
r/U  .  Tha  valua  of  0.4a  at  tha  kink  atation  coaiparaa  wall  with  that  of  0.47  givan  by  tha 
ahaat  aodal^  (r/KOa  ■  G  >  g  •  4.7,  K  •>  0.1,  a  •  1,  in  tha  notation  of  Raf  39).  Tha 
circulation  of  tha  outboard  group  growa  quickly,  owing  to  tha  lowar  awaap  of  tha  outboard 
laading-adga.  Thara  la  no  i^icatlon  of  any  ap^aeiabla  Intaraotion  batwaan  tha  groupa 
of  vortlcaa  at  thla  angla  of  Inoidanoa. 

Fig  11  ahowa  tha  vortax  configuration  for  tha  aana  croaa-oactlon*  m  tha  aaaa  plan- 
fonv  for  an  angla  of  ineidanea  of  10.3*,  naarly  twlca  aa  larga  a*  bafora.  Again  at 
X  "  10  wa  lutva  tha  axpaetad  bahaviour  for  a  dalta  wing  -  at  thla  ineidanea  Raf  39  givaa 
T/V  »  0.90  -  with  a  largar  alia  and  circulation  oorraaponding  to  tha  Inccaaaad  ineidanea. 
A^in  tha  nawly  ahad  vortlcaa  dovnatraiai  of  tha  kink  coll  up  in  a  aaparata  group,  which 
ia  alao  largar  and  atrongar  than  bafora.  Howavar,  at  thla  Ineidanea,  tha  inboard  group 
of  vortlcaa  •ovaa  faat  anough  latarally,  undar  tha  influanea  of  ita  taaga  la  tha  wing,  ^ 
intaraet  aignifleantly  with  tha  outboard  group.  At  x  ~  17.5  tha  inboard  group  ia  juat 
baiag  brokan  up  by  tha  intaraotion.  By  x  •  20,  not  rapeoduead  bara,  tha  ocdarly  atruot 
haa  baan  diarvgrtad,  with  tha  eaptura  of  aavacal  individual  inboard  vortlcaa  by  tha  out  i 
group.  It  ahould  ha  pointad  out  that  aMny  nera  individual  llna-vortleaa  ara  tnvolvad  . 
tha  calculation  than  appaac  in  tha  final  downatraan  aactlon,  bacauaa  nany  of  than  hava 
analgaaatad  ia  tba  eoraa. 

4  BBlJtfTVX  ADTAIITACES  OF  TBR  DIFFERRIIT  MODBtS 

Aa  a  atarting  point  for  a  cenpariaon  of  tlia  advantagaa  of  tha  thraa  dlffarant  no>. 
of  rollad-up  vortax  ahaata,  it  ia  halpful  to  daacrlba  tha  faaturaa  which  balong  partlcu 
larly  to  cna  of  than.  Tha  caatalning,  aharad,  faaturaa  ara  than  diaeuaaadi  and  an  ovarall 
viaw  ia  toxMd. 

Tha  partionlar  advantage  of  tha  aingla  lina-vortax  nodal  la  ita  aiaplieity.  Nhan 
inplanantad  la  tha  alandar-b^y  fraatawork,  tha  nodal  ia  atnpla  enough  for  exact  aaalyala 
to  ha  poaalbla.  For  inatanea,  tha  aquation*  govaming  tha  Bryaon  nodal^*  of  aaparatad 
flow  over  a  circular  cone  at  ineidanea  hava  bean  reduced  to  a  polynonial  of  the  IBth 
degree,  ao  that  all  aolutiona  can  be  found**.  After  tha  obvioualy  ncn-phyaieal  aolutiona 
have  baan  rajaetad,  a  branch  additional  to  that  found  by  Bryaon  ranaina,  and  nay  ba  of 
phyaieal  atgntfteanea.  Nhan  lateral  aaynnatry  ia  allowed  in  tha  Bryaon  nodal  further 
aolutiona  are  found"*.  An  aajmAotle  analyaia  of  tba  equationa  i*  poaaibla,  ter  large 
valuaa  of  tha  ineidanea  paranatar  a/4  (beat  thought  of  a*  arlalng  fron  anall  value*  of 
tha  eona  aani-angla,  4  ).  Thla  confira*  the  pbyaically  raaliatie  eaynnetrle  aolutiona 
whieh  had  baan  found  nvnarieallyi  and  raveala  a  aacond  branch,  which  turn*  out  to  ba 
nen-pbyaical. 

la  tha  oaaa  of  wing  probUna,  aaynptotie  axpanalena  of  tba  liaa-vertax  nodal  for 
anall  valuaa  of  tha  eiroulatlen  hava  pro^  naaful.  In  particular  thay  have  ahad  light 
en  tha  difficulty  in  finding  aolutiona  of  tha  vor'eax-ahaat  nodal  ia  two  caaaa.  Tha  firat 
of  thaaa  i*  tha  flat-plata  dalta  «*lag,  for  whieh  it  haa  proved  lavoaaibla  to  find  vertex 
ahaat  aolutiona  which  apring  fron  tha  laading-adga  at  rmey  anall  value*  of  the  ineidanea 
paranatar,  */A  ,  Miara  A  i*  tha  aapaet  ratio.  Baraby"*  found  aolutiona  in  whieh  tha 
ahaat  apring*  fron  the  upper  aurfaee,  juat  inboard  of  tha  edge.  BxMilaation  of  tba  lina- 
*NF9a*  nodal  ahowa  that  it,  tee,  ^radicta  a  aapacatien  atraM  aurfaeo  apringing  fren  the 
upper  aurfaeo,  rather  than  tha  laading-adga,  whan  c/A  1*  anall.  Aaynptotie  analyaia 
ahowa  tha  aana  aituatiea  ariaing  on  wing*  with  non-taco  thlekMaa"*.  Tba  aooond  oaaa, 
alao  diaeovacod  by  Baraby**,  ia  of  a  thin  dalta  wing  with  conical  caadMC.  For  aneh  a 
Wing,  tha  flew  ia  attached  all  along  the  laading-adga  for  a  partieular  angle  of  ineidanea, 
a,  .  Boluticna  of  tha  ahaat  nodal  could  ba  found  for  a  <  *•  ,  But  net  for  a  aignifleaat 
rang*  of  angla*  of  ineidanea  bolow  a,  ,  for  whieh  a  vertex  would  bo  axpaetad  to  lie 
below  tha  wing.  Btantnaticn  of  tha  aaytiptotie  oMMaaion  of  tha  lina-vortax  nodal  anowad 
that  tha  analytle  bahavieoc  of  tha  aelutien  for  the  eanbarod  wing  ia  quita  ditfocant  fren 
that  for  the  plana  wiagi  and  that  no  aolutlon  oould  ba  found  for  angla*  of  ineidanea  )uat 
telow  • 

The  nunecleal  work  involvud  in  applying  the  lina-vortax  nodal  i*  alao  nueh  lighter 
than  it  ia  for  tha  vnrtnx  ahuot  and  nutti-vortax  nodal*,  thla  weald  ba  uaalaaa  unlaa* 
tha  aolutl««m  ebtainod  hod  *mi  value.  Ona  way  in  whieh  tha  oeUtiona  era  of  value  i* 
to  pototing  tha  way  to  aniataneu  and  uaiquana**  prepartiaa  of  not*  ceoplax  nodal*. 

Bxanplaa  of  thi*  •atrueturol  atoilarity*  batwaan  the  notela,  additional  to  thoaa 
nantio^  obeva,  ara  givw  below,  tovinoki  and  Nal**  ealeulatod  flew*  paat  oena*  with 
conical  atratoa  to  th*  alaadat-body  fraanwork  and  found  nulttola  aalutlen*  for  a  eartain 
*A*t*  of  aigl**  of  tocidane*.  tha  aone  bahavioar  aria**  for  Mth  th*  lina-vortax  nodal 
•**  ***  vytax-ahoat  nodal,  though  the  range*  at  moidane*  ara  net  th*  *«m  for  th*  two 
— F*  *****  IhhTthwia*  eanbac,  plaead  at  aa  ovarall  angla  of  ineidanea 

y*  *^  *•»  ^*1  gaonatrle  ineidanea  fall*  to  aoM  at  a«a»  langthwia*  atation,  both 
to*  vnttM  ahiM  nMl*  ant  th*  liaa-vortax  nodal  paodue*  nnphyaloal  raault*  befoc*  th* 
taWdane*  ia  raachad.  For  latarally  aynnatrie  flow  paat  a  citealar 
»■*****-*»•  aolutiona  to  th*  lina-vortax  nodal  with  th*  vortax  eleaa 
**  th*  aapatatlaa  ita*  tf 

a/t  <  t.S  ooaae  a.  ,  lO 
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whara  •,  is  tha  alavatlon  ot  tha  saparstlon  llna  above  the  horizontal*.  Solutions  of 
the  vortex  sheet  model  have  bean  found  below  this  llmit^^,  but  there  still  appears  to  be 
a  lower  bound  below  which  solutions  cannot  be  found.  When  tha  restriction  to  lateral 
symmetry  is  removed,  families  of  asymmetric  solutions  have  been  found  for  the  llne- 
vortax'*’  and  vortex-sheet^  models,  in  fact,  tha  solutions  for  tha  line-vortex  model 
were  used  to  find  the  vortex-sheet  solutions. 


It  must  be  said  that  much  of  tha  simplicity  of  the  llne-vortax  modal  is  lost  when 
tha  slander-body  framework  is  replaced  by  tha  Frandtl-Glauert  framework,  xlthough  the 
vortex  circulation  and  path  can  still  be  described  simply,  the  need  to  model  the  wake 
more  completely  than  in  treatments  of  attached  flow,  in  order  to  satisfy  the  Kutta  condi¬ 
tion  at  the  tralllng-edga,  introduces  a  considerable  complexity*''^  .  The  model  has  not 
proved  popular  in  this  framework. 

Tha  particular  advantage  of  tha  multiple  llna-vortex  model  is  its  flexibility.  In 
principle,  circulation  ia  shed  from  the  separation  line  and  convected  with  the  local  flow. 
In  tha  slander-body  frama«iork,  techniques  following  that  description  have  been  imple¬ 
mented  and  solutiona,  of  a  kind,  are  always  obtained.  Tha  problem  of  the  delta  wing  with 
lengthwise  camber  mentioned  above  Illustrates  this  advantage  of  the  multi-vortex  model 
very  clearly.  Both  the  vortex-sheet  model  and  the  single  line-vortex  modal  break  down 
because  they  are  not  sufficiently  flexible  to  represent  tha  change  fron  shedding  circula¬ 
tion  towards  tha  upper  surface  over  tha  forward  part  to  shedding  it  towards  the  lower 
surface  over  the  rearward  part.  Peacai*  has  treated  the  problem  using  his  multi-vortex 
model  to  obtain  tha  results  shown  in  Pig  12.  Tha  planform  of  tha  wing  is  defined  by  the 
local  semi-span 

s(x)  -  0.25X  .  (4a) 


Tha  apex  region  of  the  wing  is  at  a  uniform  positive  incidence,  given  by 

|j  »  -  0.2  for  0  <  X  <  1.  (4b) 

Further  aft,  tha  local  incidence  reduces  smoothly,  passing  through  zero  at  x  ■*  2,  after 
which  it  la  negative: 

-  -  0.2(2  -  X)  for  X  >  1.  (4c) 


Fig  12  shows  sections  through  tha  vortex  configuration  for  four  stations,  all  downstream 
of  tha  conical  flow  region.  Note  that  only  the  region  near  the  leading-edge  is  illustra¬ 
ted  at  each  station.  At  x  •  1.4,  tha  multi-vortex  configuration,  t  own  )ay  the  circles, 
agrees  quits  well  with  Clark's  sheet  solution’,  shown  by  the  line  an'*  cross.  By  x  ■  l.B 
no  further  positive  vortices  have  been  shed,  as  indicated  by  the  unchanged  figure  for  the 
circulation  above  tha  wing,  but  a  single  negative  vortex,  represented  by  a  solid  cirela, 
has  lust  been  shed  towards  the  lo«Mr  surface.  Tha  geometric  incidence  is  still  positive 
at  this  station.  Clark's  solution  also  shows  negative  circulation  being  shad,  but  the 
shape  of  the  sheet  has  begun  to  look  unrealistic,  and  the  aol..'tlon  could  not  bo  extended 
further  downstream.  The  multi-vortex  solution  will  go  further:  by  x  ••  2.2  a  rollad-up 
system  of  negative  vortices  has  formed  below  the  wing,  though  its  strength  is  still  weak 
compared  with  tha  upper  surface  vortex,  now  reduced  to  a  core  by  tha  operation  of  tha 
amalgamation  algorithm.  By  x  •  2.6,  the  negative  system  Is  stronger  than  tha  positive 
one.  Note  how  the  interaction  between  tha  systems  has  drawn  both  of  them  outboard  of 
tha  leading-edge.  Not  surprisingly,  the  orderly  structure  is  disrupted  in  a  relatively 
short  further  distance  downstream,  before  the  local  incidence  reaches  a  negative  value  as 
large  as  the  positive  value  at  the  apex. 

Further  evidence  of  tha  flexibility  of  the  multi-vortex  zMtbod  is  provided  by  the 
calculations  for  the  double-delta  wing  shown  in  Figs  10  and  11  and  discussed  above. 

Many  calculations  of  time-dependent  planar  flows  and  of  the  evolution  of  trailing  vortex 
wakes  show  the  same  flexibility.  Boeijmaker's  recent  work®'*  has  mads  the  vortex-sheet 
model  more  flexible,  while  Peace's  use  of  an  amalgamation  algorltluz  has  made  the  multi- 
vortex  model  rather  less  flexible.  The  two  models  are  perhaos  moving  towards  a  common 
capability,  but  tha  multi-vortex  sodal  is  still  the  more  flexible. 

When  the  multi-vortex  modal  is  implaswntad  in  tha  Prandtl-Glauert  framework  for 
steady,  subsonic  flow,  the  pr<d>lam  bacosiss  elliptic.  Tha  simple  idea  of  shedding  and 
convactlng  circulation  no  longer  applies,  since  what  is  shed  downstream  affects  the  flow 
upstream,  considerable  ingenuity  may  then  be  needed  to  obtain  solutions  for  flows  with 
a  simple  structure,  at  Behbach*’  and  Schr&dar'*  found  for  the  case  of  tha  delta  wing. 

The  difficulty  is  presumably  that  tha  flexibility  of  the  model  is  not  yet  matched  by  a 
corresponding  flexibility  in  tha  numerical  schaaws  available  to  solve  the  large  number 
of  nonlinear  simultaneous  equations  to  %dUch  the  sndel  gives  rise.  It  would  seem  worth 
trying  to  exploit  tha  existence  of  slander-body  techniques:  either  to  provide  an  initial 
guess  for  the  NsMon-Raphson  iMthod,  as  Forrester,  «t  cl’  do:  or  as  a  step  in  an  iterative 
method,  as  Jepps*^  has  proposed. 

For  unsMady  incompressible  flow,  the  problem  is  again  an  evolutionary  one  and  tha 
flexibility  of  the  multi-vortex  modal  reappears**'**'*’.  Unfortunately,  the  tendency  for 
the  motion  of  t^  vortices  to  become  chaotic  also  reeppeera.  It  seems  that  neither  steady 
troly  periodic  solutions  have  been  produced  as  a  result  of  evolutionary  calculations, 
and.  In  their  absei»e,  it  is  hard  to  assess  the  scouracy  of  tha  calculations. 

*  MB  this  is  s  different  definition  of  s,  from  that  in  Fig  1 . 
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Tha  particular  advantaqa  of  tlw  TOrtax'Ohaat  aodal  lias  in  thtf  graatsr  rsallai  with 
which  It  dascrlbaa  sas^atlM  frooi  a  llns  on  a  aiaooth  aurfaca.  Xa  IMleatad  aarllsr,  tha 
theory  uaad  by  Flddaa"  to  Calculats  tha  position  of  laminar  aaparatlon  on  a  eons  rsqulras 
tha  atcongth  of  tha  singular  bahaviour  of  tha  Invlaeld  aolutlon  at  tha  aaparatlon  llna. 

This  can  only  ba  found  from  a  vortax-shaat  aaidal.  Evan  If  It  is  not  Intandad  to  predict 
tha  position  of  tha  separation  llna.  It  still  seams  unliksly  that  rsasonobla  accuracy  con 
ba  obtained  without  treating  tha  Invlaeld  flow  near  tha  separation  line  adoguataly.  The 
skatchas  of  Fig  4  show  tha  sort  of  qualitative  dlffaranca  that  doh  arise.  As  on  aatroaw 
axaapla  of  tha  quantitative  dlffarancas  batwaan  tha  predictions  Of  tha  vortax-shaat  modal 
and  tha  predictions  of  tha  single  llna-vortax  modali  wa  have  Fig  18,  which  Is  dlsdUssad 
In  datall  latar.  Tha  dlaeraponcy  Is  far  greater  than  that  for  flows  ovar  wings. 

The  common  advantage  of  the  vortax-shaat  and  multl-vortax  models  over  the  llna- 
vortax  modal  la  that  they  both  offer  a  closer  approximation  to  tha  Infinite  Esynolds 
number  limit  of  the  real  flow.  As  would  ba  axpaetad,  thay  almst  always  give  closer 
agraaiwnt  with  maasuramanta  at  finite  laynolds  number.  As  batwaan  these  two  models,  tha 
remaining  advantagas  are  lass  clear  cut.  In  the  tamlnology  of  panal  methods,  tha  shaat 
model  la  a  hlghar-order  aathod.  Consequently  It  gives  greater  accuracy  for  a  similar 
number  of  alaaenta,  with  tha  ability  to  predict  a  smooth  behaviour  of  the  flow.  On  tha 
other  hand,  the  programming  effort  Involved  In  tha  sheet  aathod  Is  greater,  and  ccsiputlng 
time  for  tha  same  aombar  of  alaaenta  should  also  ba  greater.  At  present  no  coaparlson 
can  be  made  on  the  basis  of  computing  tins  for  tha  same  accuracy,  but  tha  multl-vortax 
method  must  Involve  more  storage  apace.  If  It  Is  desired  for  snsm  reason  to  represent 
many  turns  of  a  rollad-up  configuration,  the  vortax-shaat  nodal  has  an  advantage,  because 
a  multl-vortax  calculation  Is  likely  to  be  disrupted  by  vortices  from  adjacent  turns 
palrlng-off  and  rotating  round  one  another. 

A  large  potential  advantage  of  a  multl-vortax  aodal  In  tha  subaonlc  Prondtl-Glauert 
framework  Is  that  It  might  wall  predict  vortex  braakdo%m.  In  fact  Apariaov,  at 
claim  tha^  bhe  failure  of  their  multl-vortax  atodel  to  converge  at  a  large  angle  of 
Incidence  la  related  to  vortex  breakdown  In  tha  real  flow.  Rahbach,  aiming  particularly 
at  the  calculation  of  unsteady  Incompresalble  flow,  has  Introduced"  a  Lagranglan  model 
based  on  tha  vortlclty  aquation,  which  haa  some  resemblance  to  a  multl-vortax  nodal. 

The  outcome  Is  a  set  of  streak-lines  which  spring  from  the  separation  line.  In  a  direct 
simulation  of  Merle's  famous  dye-lines.  Rehbach  also  claims”  that  the  disorganisation 
of  the  calculated  streak-lines  near  the  axis  of  tha  vortex  corresponds  to  vortex  break¬ 
down.  It  should  also  be  possible  to  predict  at  least  the  Initial  occurrence  of  vortex 
breakdown  using  the  vortex-sheet  model  In  combination  with  a  technique  Ilka  that  of 
Hall”  for  calculating  the  flow  In  on  oxlsymsatclc  core  of  distributed  vortlclty.  By 
averaging  the  predictions  of  the  vortax-shaat  modal  In  tha  circumferential  direction,  tha 
Inward  flow  of  mass  and  circulation  to  the  core  and  tha  pressure  distribution  along  It 
could  ba  obtained.  Thaae  are  the  boundary  conditions  required  for  tha  core  calculation, 
which  would  In  turn  supply  a  dlsplacsment  effect  along  tha  axis  of  tha  vortex  In  the 
sheet  model.  So  far  as  the  prediction  of  taeakdown  Is  concerned.  It  cannot  bo  said  that 
either  model  has  the  demonstrated  capability,  nor  that  either  Is  Incapable.  It  nay  wall 
be  that  a  direct  attack  on  the  Euler  aquations.  Ilka  the  one  Rlssl  describes*,  will 
provide  the  best  approach  to  the  problem. 

In  summary.  If  a  smthod  of  useful  accuracy  Is  required,  the  choice  Is  between  tha 
vertax-sheet  and  multl-vortax  models.  For  separation  from  msooth  surfacee,  tha  shaat 
model  Is  preferable.  If  tha  sane  program  la  required  to  calculate  very  different  vortex 
structures  with  minimal  changes,  the  multl-vortax  smdel  Is  preferable.  Tha  line-vortex 
model  hae  a  useful  role  to  play  In  Initial  Inveetlgatlons  and  In  suggesting  the  underlying 
structure  of  families  of  solutions  of  the  more  realistic  models. 

S  WHY  IOOEIJ.IIIC7 

Since  these  models  all  lead  to  such  complaxitles  and  still  fsll  short  of  a  proper 
description  of  tha  bahaviour  of  the  fluid,  we  must  ask  whether  It  Is  worthwhile  pursuing 
than  further.  After  all,  eolutlons  of  the  Havler-Stokes  aquations  and  the  Euler  equations 
by  field  methods  are  becoming  available  and  must  eventually  becoaw  the  accepted  smthods 
for  making  quantitative  predictions  about  vertex  flows.  Honethaless,  I  believe  It  Is 
worth  continuing  with  modelling  techniques.  In  support  of  this  view,  I  have  first  sosw 
very  general  remarks,  which  con  conveniently  be  put  as  quotations,  and  than  on  account 
of  how  modelling  has  recently  helped  with  a  particularly  Intractable  problem. 

^  start  with,  here  Is  a  quotation  from  a  lecture*  given  by  James  Llghthlll  to  tha 
Royal  Aeronautical  Society,  when  he  was  Director  of  tha  RAE.  Be  Is  speaking  of  the  role 
of  aathesMtlca  In  generating  physical  Ideas. 

'Exoi^les  of  this  mathsmatleally  generated  kind  of  physical  Idea,  which  I  have 
•itcody  mentioned,  are  trailing  vortlclty,  boundary  layer,  dynamic  stability  and  Nyqulst 
diagram.  j  , 

The  value  of  physical  Ideas  in  practical  work,  of  course.  Is  their  elasticity. 

Provided  that  they  are  sound  Ideas,  such  as  those  thrown  up  as  tha  genuinely  appropriate 
physical  description  of  tha  matheawtlcal  solution  of  some  well  defined  class  of  problsm, 
they  usually  show  a  splendid  capacity  to  stand  up  to  distortions  of  the  problsm,  and 
Indeed  to  radical  changes  and  complications  In  Its  conditions,  and  still  give  the  right 
guidance  about  what  needs  to  be  dona.  In  other  words,  a  wall  designed  physical  Idea  has 
wide  elastic  limits,  and  will  tolerate  being  pulled  and  twisted  about,  and  go  on  giving 
good  service  In  suggesting  the  right  experiment,  or  the  way  out  of  such  and  such  a 
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difficulty,  oc  In  giving  aoMona  a  faallng  tha  la  not  ^nat  dlaawlly  accuaailatlng  a 
confuaad  aaaa  of  axparlaantal  data,  but  thara  la  aona  tbaaad  rnanlng  through  thaa  which 
glvaa  thaa  iManlng  and  Intataat,  Naturally,  than,  thaaa  Idaaa  ara  aueh  In  daaand,  and 
whan  «M  coaa  to  a  naw  kind  of  problaa,  wbara  wa  ara  abort  of  physical  Idaas  bacausa  non* 
of  tha  old  onaa  that  wa  ara  aecuatoaal  to  aaaaa  to  glva  any  balp  In  solving  It,  than  wa 
can  only  hopa  that  aeaiaona  will  ccaM  along  with  a  awtbaaatleal  traataant  of  scsM 
approprlataly  alaipllflad,  although  poaalbly  alao  ganarallaad  eaaa,  and  Intarprat  Its 
solution  by  Introducing  a  naw  anlnal  Into  tha  aoo  of  uaaful  aaroaaatlcal  eonoapta,  prafor- 
ably  a  wall-babavad  baaat,  which  all  of  us  will  In  duo  ooursa  ba  abla  to  rlda  as  to  tha 
auuinar  born,  probably  Ignoring,  It  wa  ara  not  aathaaMClolans,  wbat  kinds  of  taehnlqua 
wars  usad  to  lick  hla  Into  shape.* 

Llghthlll  want  on  to  discuss  tba  rola  of  nathaaatlca  In  getting  actual  answars. 

Now  for  a  quotation  team  tha  final  section  of  Dlatrloh  KuohaaMnn’s  book*'  on  tha 
aarodynaa^c  design  of  aircraft. 

*hbova  all.  It  la  such  conceptual  fraaaworks  which  enable  us  to  foxaulata  Intalllgant 
waya  of  aodlfylng  and  controlling  our  part  of  hnaan  endeavours.  Ideas  and  coneopta  com 
out  of  tha  nlnd,  not  out  of  coaiputara  or  wind  tunnala.  If  tbera  Is  ona  overriding  purpose 
throughout  thaaa  notes,  above  all  others.  It  Is  to  dsaiwi strata  tha  continued  na^  for  con¬ 
ceptual  franoworks  and  for  undarstandlng  tha  physics  of  airflows  In  any  work  on  aarody- 
naalc  design.* 

Finally,  bacausa  I  have  not  found  a  batter  way  to  axprass  tha  Idea  since,  a  quota¬ 
tion  tram  a  previous  AfiANO  paper**  of  sty  own. 

*Tha  philosophical  argnswnt  naturally  eoncema  ends  rather  than  naans.  If  our  ala 
Is  to  raproduca  our  bit  of  tha  real  world  In  a  oonputer,  then  tha  solution  of  tha  Havlar- 
Stokas  aquations  Is  a  possible  approach,  at  laaat  for  Isnlnar  flows.  Na  nay  hopa  to 
obtain  nora  praclsa  Infomatlon,  nora  quickly  and  i»rs  ehaaply  than  by  sulking  naaauranants 
In  real  fluids,  and  this  la  wall  worth  doing.  Bowavar,  as  scientists  wa  wish  to  undarstand 
things,  and  as  anglnaars  wa  wish  to  altar  things,  in  both  of  thaaa  proeassas  tba  acquisi¬ 
tion  of  data  naads  to  be  acconpanlad  by  tha  growth  of  conceptual  frssMworks  which  can 
account  for  tha  data  ws  already  have  and  show  ns  where  nora  Is  needed.  It  Is  such  eoneap- 
tual  fraiwworks  which  enable  us  to  fomulata  Intelligent  ways  of  nodlfylng  and  controlling 
our  bit  of  tha  univaraa.  They  ara  built  of  aodals,  scaa  far-raaohlng  and  all-snhraelng, 
but  sosM  quite  special.  l  do  not  saa  tha  need  for  special  nodsls  disappearing  in  cur 
flald.  In  particular,  I  axpaet  tha  distinction  between  tba  axtamal  inviaold  flow  and  tba 
boundary  layer,  on  which  the  sclenoa  of  aarodynanles  has  baan  built,  to  eontlnua,  suppla- 
OMntod  locally  by  special  aodals  of  separation  phanonana.* 

Thaaa  quotations  put  tha  abstract  case  for  aodalllng  vary  clearly,  but  they  do  not 
provide  auch  In  tha  way  of  llluatratlco.  it  is  tharafora  appropriate  to  turn  to  a  descrip¬ 
tion  of  SOSM  recant  work  with  two  of  tha  nodals  that  bava  foraad  tha  basic  tbsaw  of  this 
paper,  work  that  has  significantly  Inoraasad  our  understanding  of  sene  baffling  observa¬ 
tions.  These  obaervatlons  ara  of  tha  lack  of  aspoetad  sysstry  In  flows  past  bodies  at 
large  angles  of  inoidanca,  leading  to  vary  algnifloant  out-of-plana  forces  on  alssllas  and 
to  largo  yawing  aoswnts  on  aircraft**.  Tha  work  Is  that  dasorlbad  by  Flddas**  at  tha 
Trondheln  sMatlng  last  year,  using  first  tha  llna-vortax  aodal  and  than  tba  vortsx-shaat 
SKidal,  and  In  each  case  showing  tha  aslstanoa  of  a  saecod  faally  of  solutions  which 
produce  large  out-of-plana  forces  on  circular  oonas.  I  shall  conclude  by  suggesting 
that  the  slapllflcatlons  Isvllelt  In  tha  aodals  have  actually  helped  to  bring  about  tba 
Increased  undarstandlng. 

Both  aodals  ara  isvlaasntad  In  the  fraaawork  of  slander-body  theory  and  applied  to 
flow  past  circular  ccoas  at  laoldoaoa.  Tha  llna-vortax  aodal  Is  than  slaply  tha  ona  which 
was  daviaad  by  Bryson"’  i  the  only  chaaga  Is  that  tha  port  and  starboard  vortices  are 
allowsd  to  11a  aayaaatrleally  about  tha  Ineldattoa  plana  and  to  bava  different  circula¬ 
tions,  and  that  tha  saparatlon  linos  are  also  allowed  to  ba  asyaewtctoslly  placed.  Tha 
nodal  is  entirely  invlscld,  so  tha  positions  of  the  saparatlon  lines  nnst  ba  supplied  to 
It.  The  saparatlon  lines  ara  supposed  to  ba  gooarators  of  tha  cone.  Tba  entire  geoaatry 
is  than  conical,  so,  sinca  slander-body  theory  Is  used,  tha  axlstanea  of  a  conical  flow 
solution  Is  to  ba  axpactad.  This  aeans  that  tba  solution  sought  dapands  on  thraa 
PNKMicFX  tba  angular  positions  of  tha  two  saparatlon  lines  round  tha  olreiaifaranea  of 
tha  cone,  and  an  incldanoa  paranatar,  a/«  ,  wbloh  Is  the  ratio  of  the  angle  of  incidanca, 
a  ,  to  tha  sanl-apas  angle  of  tba  cone,  «  .  Tba  entire  flow  flald  can  ba  written  down 
Ih  tarns  of  these  thraa  paranwtars  and  six  unknown  quantltlasi  tha  two  coordinates  and 
tha  circulation  of  each  of  tha  two  vertioas.  Six  conditions  ara  available  to  datatalna 
these  six  unknoiaisi  a  Kutta  condition  at  aaob  saparatlon  line,  and  tha  vanishing  of  tha 
two  cross-flow  oonponants  of  ths  ovaxall  faroa  on  tba  oosbinatlon  of  each  vortex  and  tba 
out  mhloh  joins  it  to  tha  appr^lata  separation  line.  Tha  original  fora  of  the  Kutta 
condition  la  ratalned. 

Tha  aquations  exprosalag  tha  two  Kutta  oandltlons  ara  linear  to  the  two  circula¬ 
tions  and  so  oan  ba  solved  for  than.  Tbs  expressions  which  result  oan  ba  substituted 
Into  the  ranalalng  four  aquations,  which  arc  than  antrssMly  nonlinear  la  the  four 
CMrdlaatas  of  tha  vortleaa.  A  ganarallsod  Nawton-Napbson  taehnlqua  Is  usad  to  solve 
ttasa  aquations.  Tha  results  are  nost  easily  understood  by  oonoantratlng  on  tha  case  In 
which  tha  two  saparatloa  Unas  arc  placed  synnetrlaally  with  raspset  to  tha  Incldsace 
plana,  so  that  tha  solutions  depend  only  on  tha  separation  llna  position  and  tha  Incl- 
danoa  par«atsr.  rig  llasb  shows  tba  variation  of  tha  two  coordinates  of  tha  starboard 
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vortex,  ae  the  incidence  peraaeter  increeaee,  for  eeparetion  iinee  wbicb  are  •  SC” 
round  froai  tbe  'horisontal'  plana  through  the  axia  of  the  cone.  The  coordinataa  are 
referred  to  borixontal  and  vertical  axaa  la  the  croaa'flow  plana,  with  origin  on  the 
cone  axia.  for  aanll  valuea  of  the  iacidaaca  paraaMtar,  no  aolutlona  have  bean  found. 

For  valuea  above  the  lladt  of  1.81,  given  by  expiation  (4),  Bryaon’a  aynaMtric  aolutlona 
appear.  No  othara  have  been  found  until  the  point  a  on  the  ayaaetrlc  aolutlon  curve 
ia  reached.  Hare  the  aolutlon,  aa  a  function  of  a/i  ,  bifur eaten  in  the  olaaaieal 
Banner,  with  the  Jacobian  natrix  bacoailng  aingular.  Two  further  aelucion  branehea  exlat 
for  larger  valuea  of  a/<  and  theaa  are  airror  laagaa  in  the  incidence  plane.  It  ia 
only  the  Intaraection  at  B  in  Fig  13  which  repreaenta  a  blfureationr  at  the  other  inter* 
aectlona  only  one  of  the  two  coordinatea  agreea. 

It  ia  eaaiar  to  appreciate  the  aolutlona  whan  the  loci  of  the  vortlnaa  are  plotted 
in  the  croaa-flow  plana  for  varying  valuea  of  the  incidence  paraaeter.  Fig  14  ahowa  the 
aynaatrlc  aolutlon  and  one  of  the  aayaniatrlc  aolutlona  for  valuea  of  a/4  between  1’  and 
10,  and  a  rather  earlier  aaparatlon  poaltlon,  4,  •  40”.  It  la  neceaaary  to  check  that 
the  flow  on  the  aurfaca  of  the  cone  doaa  actually  converge  towarda  the  poatulated  aapara¬ 
tlon  llnea,  alnca  the  equationa  are  equally  wall  aatiaflad  by  attaching  flowa.  It  turna 
out  that  the  aolutlona  are  phyaloally  aanaibla  for  valuea  of  a/4  up  to  a  value  rather 
greater  than  the  largaat  in  Fig  14.  Since  the  alender-body  fraaework  aaauawa  the  incidence 
ia  aaall,  auch  large  valuea  of  a/C  would  be  irrelevant  fox  practical  configuratlona. 

Fig  IS  ahowa  the  aaynaiatry  in  the  circulation  of  the  vortieaa,  the  atrangth  of  each 
being  referred  to  the  atrangth  of  the  vortlcea  in  the  aynowtrlc  aolutlon  for  the  oaae 
value  of  a/4  .  The  range  of  valuea  of  a/4  doaa  not  extend  downward  aa  far  aa  the 
bifurcation  point,  no  the  curvea  do  not  atart  with  a  cooaon  value  of  unity,  aa  they  ohould, 
th  view  of  the  very  different  loci  ahown  in  Fig  14,  it  la  acaawhat  aurprialng  that  the 
Cifttlatlona  of  the  taynowtrlc  vortieaa  are  not  aore  different  frcoi  one  another  and  frcai 
tnbae  of  the  aynaatric  vortieaa.  It  ia  %m11  known  that  alender-body  theory  tenda  to  over- 
ptedlct  lifting  forcaa  and  the  line-vortex  aodal  aloo  tenda  to  ovaxpradlct  the  ncollnaar 
contfibutiona.  Therefore,  to  aaka  a  coaparlaon  with  force  aaaauraaenta,  the  ratio, 

Cy/Ca  •  04  aide  force  to  nonal  force  ia  preaented  la  Fig  16.  The  oeparatlon  llnea  are 
atlll  ayHBetrloally  placed  at  the  arbitrarily  oalactad  value,  $,  •  40”.  The  theoretical 
curve  needa  no  explanation,  alnce  it  arlaaa  directly  froa  the  aaynaatrie  aolutlona  tea- 
erlbad.  The  experlaental  pointa  are  taken  frooi  the  aeaturenenta  by  Keener,  at  at**. 

Each  point  repreaenta  the  largeat  value  of  Cy/Cg  aeaaured  at  that  particular  angle  of 
Incidence,  ao  the  roll  angle  and  Beynolde  tuiaber  may  be  different  for  the  different 
pointa.  The  agreeeent  with  oboervatlon  la  atrlking  la  view  of  the  alatpllelty  of  the 
Bodel  and  the  fraaework. 

It  ia  clear  that  aayaeetric  effecta  eoaparable  with  thoae  obaerved  con  be  produced 
by  on  entirely  Inviacid  aechanlaa,  aeporatlon  having  been  fixed  ayaaaetrically  in  the  eal- 
culationa.  To  aake  it  clear  that  thla  aochanlaa  ia  the  ralevaat  one,  a  further  otep  la 
needed.  Aa  explained  above,  the  aodel  allowa  the  poaitlona  of  the  aeparation  linea  to  be 
chooen  freely,  but  ao  far  the  reoulta  preaented  have  been  for  aeparation  linea  placed 
■yBBetrically  about  the  incidence  plane.  Solutlona  for  aayaawtrically  placed  aeparation 
llnea  can  be  obtained  by  proceeding  in  aaell  atepa  froa  either  a  ayaeatric  aolutlon  or 
•A  eayaaetrlc  aolutlon  with  ayaMtric  aeparation  linea.  Obvioualy  all  the  aolutlona 
obtained  in  thia  way  ore  aaynaetrlo,  but  they  fall  into  two  dlatlnet  faBllleat  the  flrat 
faaily  derivee  froa  aolutlona  which  are  ayaaetrle  when  the  aeparation  llnea  are  ayeawtrici 
the  aecond  derivee  froa  aolutlona  which  are  aeyaaMtrio  when  the  aaparatlon  llnea  are 
■yBBetrio.  The  laportonce  of  the  aecond  faaily  con  be  confixaed  ^  exaalnlng  the  level 
of  aide  force  produced  by  the  firat  faaily.  Fig  17  ahowa  typical  valuea  of  the  ratio  of 
aide  force  to  noxaal  force  that  eorreapood  to  aolutlona  of  the  flrat  faaily,  for  on 
inoidance  poroaetar  of  3.S.  For  thia  value  of  the  Incidaneo  paraaeter.  Fig  If  ahowa  the 
experlaental  value  ia  0.7S,  ao  the  calculated  valuea  in  Fig  17  are  aaallar  by  an  order  of 
aagnltuda.  The  aboelaaa  in  the  figure  ia  the  degree  of  naynaetry  in  aeparation  line  poai- 
tlon,  and  the  curvea  are  drawn  for  fixed  poaitlona  of  one  of  the  aeparation  linea.  It  ia 
OOToludad  that  the  aecond,  globally  acyeaetrlc,  faaily  of  aolutlona  la  needed  to  produce 
the  obaerved  reoulta  on  conea,  and  that  it  la  capable  of  generating  aide  forcaa  of  the 
right  order. 

The  vortex-aheet  aodel  hae  aubaequently  been  applied  to  the  aaae  oonfiguration,  la 
t«  aaae  fraaework.  Thia  offera  two  odvanta^ai  an  increaae  in  eoeuraey,  and  the  poaai- 
bility  of  oxteadlng  the  aalculation  to  the  prediction  of  laalner  aeparation,  aa  pravioualy 
for  the  aynaatrioal  oaoe.  So  far,  however,  the  vortex-aheet  aodel  haa  bean 
uaed  with  apeoifled  aeparation  Unea,  la  the  eoae  way  aa  the  line-vortex  aodel.  The 
aayMotrie  aolutlona  of  the  line-vertex  aodel  were  only  found  after  a  long  aeoreh,  but  it 
waa  hoped  that  they  muld  provide  a  good  etarting  point  froa  wtUoh  to  eaek  aelutlena  of  the 
”OFfot~ai>aet  aodel.  la  foot,  the  oearoh  for  abeet  aolutlona  took  even  longer. 

Fig  IS  ahowa  one  of  thoae  found,  with,  on  the  left,  the  ayaaetrle  aolutlona  for  the 
OM  ineidanee  paraaeter  and  aeparation  line  poeition.  For  eoaporiaen,  the  poaitlona  of 
tta  llna-vwtleea  in  the  oorreopondiag  aelutione  for  the  aiaplar  nodal  are  ahown  by  aolld 
elrelaa.  for  the  ayaaatrio  aolutlona  on  the  left,  the  difference  between  the  c«re  peal- 
Wona  for  the  two  aodela  ia  not  aaieh  greater  then  that  foaUiar  froa  aolntlona  for  delta 
wl^a,  and  of  a  alaiUr  foaa.  Bowever,  the  aeyaaetrio  aolutlona  on  the  right  aeon  eoeroaly 
**  5  F””'***  natreaa  exoapU  -  the  etarhoerd  line-vortex  haa  aoved 
^tiollydowniarda  and  outboard  froa  the  bifuroetion  point  -  but  the  dlfteaenoos  between 
the  aayanetrie  vortex  pooitlMa  predioted  by  the  two  aodela  are  generally  large.  Thia 
Mplalna  ^  it  waa  hard  to  find  the  vMtex-rtMet  aolutlona,  but  indieetea  that  the  effort 
waa  probably  worthwhile.  The  otarboard  aheet  ia  the  eoynoatrle  aolutlon  ia  very  aiailar 


iff  Aiscu  lyOvt 


15 


In  appaarnnc*,  and,  In  turna  out.  In  atructura,  to  tha  aynaiatrlc  ahaatsi  but  tha  port 
ahaat  ia  qulta  dlflarant.  in  ahapa  It  la  Ilka  tha  conical  trailing  vortax  ahaat  calcula- 
tad  by  Jonaa^' ,  and  Ita  atructura  la  alao  alallar  In  that  only  a  aa«ll  part  of  tha  total 
circulation  llaa  In  the  cora,  with  tha  bulk  of  It  on  tha  ahaat.  Fig  19  ahowa  a  vapour- 
acraan  photograph  dua  to  Paaka,  at  of  tha  flow  ovar  a  circular  eona  at  a  alaillar 

valua  of  tha  Incldanca  paraaatar,  in  which  tha  vortlcaa  ara  vlalbla  aa  dark  raglona. 

Thara  la  clearly  a  ramarkabla  raaanblanca  batwean  the  calculated  aolutlon  and  the 
vlauallaatlon  of  the  flow. 

Ref  28  alao  Includaa  a  ccaiparlaon  of  tha  forcaa  pradlctad  by  tha  wortax-ahaat  aodal 
with  thoaa  aaaaurad  In  aona  unpubllahad  work  by  Mundall  at  RAF.  Tha  poaltlona  of  tha 
atralght,  laminar  aaparatlon  llnaa  tiara  naaaurad  along  with  tha  forcaa,  with  tha  flow 
tripped  at  the  apex  by  a  tiny  protubaranca.  Great  care  waa  taken  to  anaure  that  naaaurad 
forcaa  aroaa  from  a  region  of  approximately  conical  flow.  Tha  live  portion  of  the  nodal 
la  a  circular  cone  of  10°  aemt-apex-angla,  with  a  length  of  292  nn.  Forcaa  were  meaaurad 
ovar  a  range  of  Raynolda  number a  In  a  low-apaad  wind  tunnel,  for  a  contlnuoualy-varylng 
roll  angle.  Tha  valuaa  choaan  for  comparlaon  corraapond  to  tha  largaat  Raynolda  nunbar 
for  which  tha  boundary  layer  at  aaparatlon  la  wholly  laminar,  and  to  tha  roll  angle  for 
which  tha  aide  force  ia  graateat.  At  an  angle  of  Incidence  of  36°,  the  obaarvad  aapara¬ 
tlon  llnaa  lay  In  the  'horizontal*  refaranca  plane  on  one  aide  and  14°  above  It  on  tha 
other  aide.  (It  la  worth  noting  In  paaalng  that  thla  dagraa  of  aayaaMtry  la  tha  aapara¬ 
tlon  llna  poaltlon  la  amall  compared  with  tha  range  conalderad  In  Fig  17.)  Any  calcula- 
tad  aolutlon  with  thaaa  aaparatlon  llnaa  muat  ba  aaymmetrlc;  but  thara  la  again  a  dlatlnc- 
tlon  batwaan  a  flrat  family  of  aolutiona  which  darlva  from  a  ayaawtrlc  aolutlon  and  a 
aacond  family  whoaa  membara  darlva  from  aolutiona  which  ara  aayamwtrlc  even  whan  thalr 
aaparatlon  llnaa  ara  aymmatrlc.  Tha  aolutiona  from  tha  flrat  and  aacond  famlllaa,  for  tha 
axparlmantal  valua  of  tha  Incidence  paraaMtar  and  naaaurad  aaparatlon  poaltlona,  ara 
llluatratad  In  Fig  20.  Tha  table  below  ahowa  acme  datalla  of  thaaa  aolutiona  and  a  com- 
parlaon  of  tha  forcaa. 


Flrat 

family 

Second 

family 

Ixperlmant 

Total  circulation  laft 
right 

-13.7 

16.0 

04  o 

1 

Cora  circulation  laft 

0.64 

0.80 

total  circuiatlon  rignt 

0.60 

0.2$ 

Cy/4» 

-l.$ 

-19.7 

-17.6 

36.8 

36.8 

27.0 

Tha  table  ahowa  flrat  that  tha  clrculatlona  of  all  tha  vortlcaa  ara  ■ilallar,  daaplta  tha 
vary  different  ahapaa  of  thoaa  In  tha  aacond  family  aolutlon.  However,  tha  different 
ahapaa  ara  accompanied  by  a  difference  of  atructurei  moat  of  tha  liifk-hand  vortax  circula¬ 
tion  la  In  Ita  core,  and  moat  of  tha  right-hand  vortax  circulation  ia  on  th<:  ahaat.  The 
force  coafflclanta  ara  baaed  on  tha  plan  area  of  tha  cooai  each  la  divided  by  4’  to 
bring  It  to  a  almllarlty  form.  The  aide  force  la  tha  flrat  family  la  amallar  than  that 
naaaurad  by  aa  order  of  magnitude,  but  the  aacond  family  prediction  la  clean,  conaldarlag 
4a  baaad  on  alendar-body  theory.  Tha  normal  force  la  almoat  tha  aaaM  for  tha  two  aolu- 
tlona  and  much  larger  than  tha  naaaoramant.  Tha  dlacrapaney  la  not  aucprlalng,  alaoa  tha 
alandar-body  fraamwork  rallaa  on  tha  angle  of  Incidence,  36°  In  tha  nxparlawnt,  being 
Mall.  Thara  can  ba  llttla  doubt  that  tha  aolutlon  from  tha  aacond  family  oorraaponda  to 
tha  axparlmantal  altuatlon. 

Tha  auccaaa  of  thla  work  In  axplalnlng  the  origin  of  tha  large  aide  forcaa  naaaurad 

on  circular  conaa  at  angina  of  Incldanca  graatar  than  the  apex  angle  la  wary  algnlf leant, 

but  It  la  only  tha  flrat  <.tap  In  tha  proeaaa  of  explaining  tha  obaarvatlona  of  alda  force 
on  practical  aircraft  and  mlaalla  ahapaa.  For  Inatanca,  In  a  conical  flow  tha  local  alda 
force  eoafflclant  la  tha  aaam  along  tha  whola  length  of  tha  coma,  uharnaa  tha  oaelllatory 
variation  of  tha  local  aide  foreo  along  tha  length  of  an  oglva-eyllndar  la  wall  known, 
itoraover,  a  algnlfleant  lavnl  of  alda  force  arlaoa  on  aa  oglva-oylladar  at  anglaa  of  Inel- 
danoa  too  amall  la  relation  to  Ita  apox  angle  for  tha  aacond  family  of  aolutiona  to  axlat 
•*  ***•  Apo*.  However,  tha  work  haa  idantlflad  ona  machaalam  which  muat  axart  an  Important 
Influanca  on  tha  aarodynamlea  of  alandar  pointed  bodlaa.  Hafora  It  there  waa  only  con- 
jactura  about  the  origin  of  out-of-plana  foroa.  After  It,  one  origin  la  clear. 

X  think  thla  la  tha  flrat  time  that  vortax  modelling.  In  tha  aanaa  uaad  In  thla 

haa  aotually  told  ua  aoawthlng  wa  did  not  know  before.  After  daeadea  of  trailing 
Mhlnd  axparlmantal  obaarvatlon  and  aaaauranaat,  modola  have  at  laaat  repaid  our  afforta 
by  tailing  ua  aomathlng  about  the  real  world. 

.  Obvloualy  wa  ahould  ba  trying  to  ovaroome  tha  llmltatlona  of  modala,  and  much  of 
A**  afforta  to  do  ao.  However,  thara  ia  a  aanaa  in  which  tha 
wry  llMtatlona  of  tha  modala  uaad  can  oontrlbuta  to  the  clarity  of  the  outoome.  It  la 
*5**J!^  “  awly  aaparatlon  llnaa  to  tha  Invlaold  model  whloh  forcaa  tha  laolatlon 
**  “•.^•f?***®*^*  aayhwtry  of  tha  aacond  family  from  tha  mMll-acala  aaymmatry  of  tha 
*“•*  family,  it  la  tha  conaldoratlon  of  eonleal  flow  which  oonoantratea  attantlon  on 


tha  flow  at  tha  apax  of  tha  body.  It  la  tha  aaa  of  tha  alaplast  poaalbla  aodal  «4ileh 
xaducas  tha  bahavlour  of  tha  aolutlon  froa  batn«  that  of  a  throa-dlMnalooal  contlauua, 
aa  la  tha  eaaa  whan  tha  ataady  Bular  or  Naviar-Stokaa  aquatlona  ara  aolvad,  to  a  dapand- 
anca  on  four  ntanbara,  tha  ooordinataa  of  tha  llna-vortlcaat  and  ao  nakaa  It  poaalbla  to 
contaaplata  a  ayataaatlc  aaarch  for  aolutlona. 

It  la  too  nuch  to  hopa  that  aacood  fanlly  aolutlona,  avan  with  a  aora  appaallng 
naM,  will  avar  com  to  flgura  alongalda  ’boundary  layar’  and  'trailing  vortax*  In  a  Hat 
of  concapta  glvan  by  nathaaatlea  to  aaronautlca,  but  thay  do  ancouraga  ua  to  kaap 
nodalllng. 
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Variation  of  laminar  separation  position  on  a 
cIrcMiar  cone  Mith  a  scaled  Reynolds  number 
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Observed  core  position  on  a  circular  cone  com¬ 
pared  with  vortex-sheet  calculation  For  same, 
laminar,  separation  position  (Flddes") 
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Fig  13*  Bifurcation  of  11n*-»ort*x  solutions  for 
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